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1 1 �K (�K� 32 ©, z�K 4 ©.)

1. f : z = x+ yi 7→ x. (�YØ��.)

2. 27.

3. ABCD.

4. X =

(
3 5 −2
1 2 0

)
.

5. a = −2.

6. =k I3 ù��.

7. g(X) = 1
4 (X

3 − 2X − 5) + c(4X4 + 5X3 + 2X − 1), Ù¥ c �±´?¿~ê. (U�Ñ���(

� g =��©.)

8. l±e 4 «�U¥?À 2 �=�: (1) α1, α3; (2) α1, α4; (3) α2, α3; (4) α2, α4.

1 2 �K (�K� 18 ©, z�K 3 ©.)

1. T. Ï� A ⊆ f−1(f(A)).

2. F. ~X X = Y = R, A = C = [0, 1], B = D = [1, 2].

3. F. ~X A =

(
1

−1

)
, b =

(
1
1

)
, V = span((1,−1)T ).

4. T. Ï� An+1 = α(βα)nβ = (βα)nA.

5. F. ~X A =

(
1 0

1 0

)
, C = A2 = I2, b1 =

(
1
1

)
, b2 =

(
1
0

)
.

6. F. ~X n = 2, v1 = e1, v2 = e2 
 v3 = e1 + e2.

1 3 �K (�K� 8 ©) n^��=��u�:, ù¿�X�§|


a −1
1 −2
2 a


(
x

y

)
=


−2
a

1

 k�=
k��). (�d�� 2 ©.)

òO2Ý
�Ð�1C���
a −1 −2
1 −2 a

2 a 1

 −→ · · · −→

1 −2 a

0 9 a2 − 4a+ 4

0 a+ 4 1− 2a

 .

(�d�2� 2 ©.)

1



¯K¥��§|k��)��=� (a+ 4)(a2 − 4a+ 4) = 9(1− 2a). (�d�2� 2 ©.)

z{�n=�, �ª��d^�´ a3 + 6a+ 7 = 0, ½=, (a+ 1)(a2 − a+ 7) = 0. ¤± a = −1.
(�d�2� 2 ©.)

1 4 �K (�K� 10 ©)

1. (��K 6 ©) 3K�^�¥� λ = 1 �� V 'u\{µ4. (�d�� 2 ©.)

Ï� V ��, �±�½�� v0 ∈ V . 3K�^�¥� u = v = v0 9 λ = −1 �� 0 ∈ V . (�

d�2� 2 ©.)

��, 3K�^�¥� u = 0 �� V 'uê¦µ4. nþ=� V ´��f�m. (�d�2�

2 ©.)

2. (��K 4 ©) Ä. (�d�� 1 ©.)

¯¢þ, � n > 1 � Kn = V ∪ span(α) �½Ø¤á. �Ï´: � n > 1 �, V ¥�±?���

�"�þ u. Ï� α /∈ V , ¤± u Ø�U´ α �~ê�. dd�±�y α + u /∈ V ∪ span(α).

(�d�2� 3 ©.)

1 5 �K (�K� 18 ©)

1. (��K 3 ©) O��y=�.

2. (��K 6 ©) (i)⇒(ii). � A =

(
a b

c d

)
. O��y�� AJ = JA �¿©7�^�´ d = a,

c = −b.

(ii)⇒(iii). e A =

(
a b

−b a

)
,K A = aI2+bJ . �Ò´` A = f(J)éuõ�ª f(X) = a+bX

¤á.

(iii)⇒(i). éu?¿õ�ª f , J Ú f(J) �½´���.

3. (��K 4 ©) �âcü��K�(J��

U =

{(
a b

−b a

)
∈M2(R)

∣∣∣ a2 + b2 = 1

}
.

(�d�� 2 ©.)Ïd, N�

ψ : S −→ U ; z = x+ yi 7−→

(
x y

−y x

)

´��V�. (�d�2� 2 ©.)

4. (��K 5 ©) 5¿� J2 = −I2, A = aI2 + bJ . ¤±

A2024 = (aI2 + bJ)2024 =

2024∑
i=0

(
2024

i

)
(aI2)

2024−i(bJ)i =

2024∑
i=0

(
2024

i

)
a2024−ibiJ i.
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(�d�� 2 ©.) é 0 Ú 2024 �m��ê i «©Ûó55©OO� J i ��

J i =

(−1)kI2 e i = 2k ,

(−1)kJ e i = 2k + 1 .

(�d�2� 1 ©.) ¤±

A2024 =

2024∑
i=0

(
2024

i

)
a2024−ibiJ i

=

1012∑
k=0

(−1)k
(
2024

2k

)
a2024−2kb2kI2 +

1011∑
k=0

(−1)k
(

2024

2k + 1

)
a2023−2kb2k+1J

=

(
α β

−β α

)

Ù¥

α =

1012∑
k=0

(−1)k
(
2024

2k

)
a2024−2kb2k , β =

1011∑
k=0

(−1)k
(

2024

2k + 1

)
a2023−2kb2k+1.

(�d�2� 2 ©.)

1 6 �K (�K� 8 ©) P β1, · · · , βs � B ���þ|.

(i)⇒(ii). �âb�,z� Aβj �±�¤ β1, · · · , βs ��5|Ü.��3~ê cij ∈ K, 1 ≤ i, j ≤ s
¦�

éuz� j ∈ [[1, s]], Aβj = c1jβ1 + · · ·+ csjβs = (β1, · · · , βs)


c1j

c2j
...

csj

 .

nÜå5�¤ (©¬) Ý
�/ª=�

(∗) A(β1, · · · , βs) = (β1, · · · , βs)(cij).

ùÒ´`, e� C = (cij) K AB = BC ¤á.

(ii)⇒(i). Uìþ¡ (∗) ª�©¬Ý
�ªn)�ª AB = BC ��, éuz� 1 ≤ j ≤ s, Aβj

Ñ´ β1, · · · , βs ��5|Ü. d= Aβj ∈ C (B) éz� j ¤á. Ïd span(Aβ1, · · · , Aβs) ⊆ C (B).

éu?¿ x ∈ C (B), x ´ β1, · · · , βs ��5|Ü, Ï
 Ax ´ Aβ1, · · · , Aβs �5|Ü, � Ax ∈
span(Aβ1, · · · , Aβs) ⊆ C (B).

(�KØyL§v
�ß, LãO(, Ø�Ñy���g´a�. ÄKV��©.)

1 7 �K (�K� 5 ©) - Bi =
∑s

j=1 cijβj . KK�^�L²
∑r

i=1 αiB
T
i = 0. - A = (α1, . . . , αr)

�± α1, · · · , αr ���þ|� m × r Ý
, B = (B1, · · · , Br)
T �± BT

1 , · · · , BT
r �1�þ|�

r × n Ý
. K

AB = (α1, · · · , αr)


BT

1

...

BT
r

 =

r∑
i=1

αiB
T
i = 0.
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u´ AB �z��� 0.

éuz� j ∈ [[1, s]], ¦ÈÝ
 AB �1 j �´ A ���þ| α1, · · · , αr ����5|Ü, Ù¥

�|ÜXêÒ´ B �1 j ���. du α1, · · · , αr �5Ã', � B �1 j ���7L�� 0. d

uùéz� j ∈ [[1, s]] ¤á, ��� B = 0. Ïd, éuz� i þk
∑s

j=1 cijβj = Bi = 0. 2�â

β1, · · · , βs ��5Ã'5=��� cij þ� 0.

y{�: ¯¢þ, e- C = (cij) ∈Ms(K), A = (α1, . . . , αr), B = (β1, · · · , βs)T , K±©¬Ý

��Ý�±w�

ACB = (α1, · · · , αr)(cij)


βT
1

...

βT
s

 =

r∑
i=1

s∑
j=1

αicijβ
T
j =

r∑
i=1

s∑
j=1

cijαiβ
T
j = 0.

d α1, · · · , αr �5Ã'�� A�÷�,dd�±íÑ Ak�_. d β1, · · · , βs �5Ã'�� B 1÷

�, dd�±íÑ B km_. ¤±, ÏL�¦ A ����_!m¦ B ���m_�± d ACB = 0

íÑ C = 0, ½=, z� cij = 0.

1 8 �K (�K� 1 ©) �â¢S�¹�©.
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