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Chapter 1

Examples of Lie algebras

Lie algebras were originally introduced by Sophus Lie in the 1870s to study the concept
of continuous transformation groups. The book Lie Algebras by Nathan Jacobson, which
was published in 1962 is the earliest textbook for Lie algebras, and it was the first time
that the terminology “Lie algebra” appeared. Before that, people called them infinitesimal

Heisenberg groups.

Definition 1.1. A Lie algebra is simple if it is not abelian and has no nontrivial

ideals.

Where do Lie algebras come from?

§1.1 From associative algebras

Denote by F the ground field. Let A be an associative algebra. A(~) is a Lie algebra
with the bracket
[a,b] = ab—ba for all a,b € A.

Theorem 1.2 (Wedderburn Theorem). Suppose F is algebraically closed.
1. Any simple finite dim. associative algebra is isomorphic to M,(IF).

2. For any finite dim. associative algebra A, there exists a unique nilpotent ideal

N < A such that A/N ~ M,,(F)®...® M,, (F)

Example 1.3. sl,, is simple if charF = 0 or charF { n; otherwise sl,, is not simple.
In the case of charF | n, FI,, is a 1-dim ideal.



§1.2 From involutions

Definition 1.4. Let A be any linear algebra. A linear transformation x : A — A is

called an involution if for any a,b € A,

Example 1.5. 1. Transposition (a;;) — (aji) is an involution.

2. Symplectic involution for quaternions:
H={a+bi+cj+dk:a,b,cdecR}
with the relations
P=2=k=-1, ij=k, jk=1i, ki=j.

The involution is defined by a + bi + ¢j + dk — a — bi — ¢j — dk. On the other

hand, quaternions can be represented by matrices

a+bi cH+di
—c+di a—bi]’

where a,b,c,d € R and i is the square root of unity. Then the involution has the

G- -G

Given an involution of an associative algebra A, we have

form

K={acA:a"=—a} c AV,

Then K is a Lie subalgebra.

Remark 1.6. Ouver an algebraically closed field F, for Mat,(F) (or equivalently a f.d.

associative simple algebra), the classification of involutions (up to conjugation) is as follows:
1. If n is odd, any involution is isomorphic to transposition.

2. If n is even, any involution is isomorphic to transposition or symplectic involution,

where symplectic involutions are defined as

T
a fB o —pT o —v
> = ,
v 0 - ol 8«
where o, B, v, § are § X 5 matrices.



§1.3 From derivations of linear algebras

Definition 1.7. Let A be an associative algebra. A linear map o : A — A is called
a derivation if for any a,b € A, a(ab) = a(a)b+ aa(b).

The commutator of two derivations is again a derivation, i.e., Der A C Endg(A)().

Example 1.8. Let W,, = DerF|xy, ..., xz,], where

" 0
DerFlzy,...,z,] = {Zﬁ@x D fi € F[wl,...,xn]}.
i=1 ¢

Note that W, is an infinite dim Lie algebra (also simple).

Example 1.9. Let A be an associative algebra. Fiz a € A. Then ada : x — |[a, x]
is a derivation. More generally, let L be a Lie algebra. Then ad L <1 Der L because

[d,ad z] = ad(d(x)) for any d € Der L and x € L. The derivations in ad L are called
inner derivations.

Remark 1.10. The appearance of derivations is natural in the sense that for any d € Der A,
ifexpd = Id+d+%?+. .. makes sense, then exp d is an automorphism with inverse exp(—d).

This is the case, for example, when A is finite-dimensional or when d acts locally nilpotently.

§1.4 From brackets

Many algebraic structures contain brackets. Some of them are Lie brackets.

Example 1.11. Let A be an associative commutative algebra. A bracket | , | :
A x A — A is called a Poisson bracket if

1. (A,[, ]) is a Lie algebra;

2. [a®,b] = 2ala,b] for any a,b € A.

Remark 1.12. In general, we require [ac,b] = a[b, c|+[a, blc. But in the case of commutative
Poisson algebras, this condition is the same as condition 2.

Example 1.13. 1. (Poisson bracket) Let B = F(p1,...,pn;q1,-

f,g € B, define
N~ (999 _0f 9y
F9)= ; <3pi 0q;  0q; 8]71') '

.y qn). For any

2. (Lie bracket but not Poisson) Let B = F[t]. For any f,g € B, define [f,g] =
flg—1g'.



§1.5 From Lie groups

The tangent space at the identity element of a Lie group is a Lie algebra.



Chapter 2

Engel’s Theorem

§2.1 A stronger version of Engel’s Theorem

Definition 2.1. An associative algebra A is called an enveloping algebra of a Lie
algebra L if L ¢ A and A = (L).

Theorem 2.2. Let A be a finite dim enveloping algebra of L. If 3 m > 1 such that
VYa € L, a™ = 0, then A is nilpotent.

We will prove a stronger version.

Definition 2.3. Let L be a Lie algebra. We say a subset S C L is a Lie subset if
Va,be€ S, [a,b] € S.

Theorem 2.4. Let A be a finite dim enveloping algebra of L and let S C L be a Lie
subset of L with L =span S. If 3m > 1 s.t. Ya € S, a™ =0, then A is nilpotent.

1 we can choose a maximal Lie subset S; C S

Proof. Denote dim A = n. By Zorn’s Lemma
s.t. the associative algebra (S;) is nilpotent.? We claim that S; = S. Otherwise, there
exists s € S\Sp such that [S1,s] C S1.> Now let Sy = S; U {s}, a Lie subset of S. We will
deduce a contradiction by showing the nilpotency of (S2). Then our claim follows. Hence,

we conclude that A = (L) = (S) is nilpotent.

1Zorn’s lemma is the following statement: Let (P, <) be a partially ordered set. If every chain in P has
an upper bound in P, then P contains a maximal element.

First, the set P = {8’ C S : (S’) is nilpotent} is nonempty by our assumption. For an arbitrary chain

Q1 CQ2C -

in P, we need to prove the union of all Q;’s, denoted by Q, is also in P. Let aiaz . ..a; be a monomial in (Q).
There exists N € N such that a; € Qn for all i. Note that for any ¢ we have Qi = 0. Thus a1az...a; =0
as long as [ > n. Then Q" = 0 as required.

313 21 € S s.t. [z1,s] ¢ S1, then take s1 = [z1, s]. If there still exists 22 € S1 s.t. [z2,s1] ¢ S1, then
take s2 = [x2,s1]. Iterating, we have s; = [z, [zi—1,..., [r1,5]]] € (ad S1)*(s). Because (Si) is nilpotent,
(ad S1)?>"~! = 0. Thus, after finite steps, the procedure ends, i.e., 3 k s.t. [S1, sx] C S1 as desired.



Let us prove that (S2) is nilpotent. Let z be an arbitrary nonzero monomial in (S2).
Then x can be written as

k k
T = 811812 ---S1m; S 1821822 c o 82ms S 2. .y

where s;; € S1, m; < n and k; < m. Since [S1,s] C S1, we can move all s to the right of
M1ls, s01] +

5218, in which each term on both sides has one element in S;. Thus, z has at most n

s;; without changing the number of elements in S;. For example, kg = s
ki1—1
s

si; in the expression. Thus,  has length at most n—1+n(m—1) = mn. As a consequence,
Sy = 0. O

§2.2 Three types of Engel’s Theorem

Definition 2.5. Let L be a Lie algebra and M be a vector space over F. Define an
operation L x M — M;(a,m) — a-m. The following are equivalent:

1. L+ M is a Lie algebra if we define a-m = —m -a and my - mo = 0 for any

a €L and m1,mg € M.
2. [a,b] -m=a-(b-m)—>b-(a-m) for any a,b € L and m € M.
3. L — (Endp M)\7) is a Lie algebra homomorphism.

We say M is a module of L if it satisfies any of these conditions.

Definition 2.6. Let L be a Lie algebra. Define a sequence of ideals recursively:
I’=1, LMY = [L, L¥] for k > 0.

If there exists n > 0 such that L™ = 0, then L is called nilpotent.

There are three versions of Engel’s Theorem:

Theorem 2.7 (Engel’s Theorem). Let L be a finite dim Lie algebra. IfVa € L, ada

is nilpotent, then L is nilpotent.

Theorem 2.8. Let L be a Lie algebra and M be a finite dim L-module. If any

element in L acts nilpotently, then L acts on M nilpotently.

Theorem 2.9. Let L be a Lie algebra and M be a finite dim L-module. Let S C L be
a Lie subset with span .S = L. If any a € S acts nilpotently, then L acts nilpotently.

Proof of Theorem 2.7. Let L have dimension n. Then Va € L, (ada)” = 0. Consider
the subalgebra (ad L) C Endgp M generated by ad L. This theorem follows from Theorem
2.2. O



Summary. We have the following relations:
Theorem 2.4 —> Theorem 2.9 —> Theorem 2.8 —> Theorem 2.7.

1. Theorem 2.7 is actually a special case of Theorem 2.8 by taking M as the adjoint

representation.
2. Theorem 2.9 is a stronger version of Theorem 2.8.

3. Theorem 2.9 follows directly from Theorem 2.4 by regarding ¢(S) as a Lie subset
of the Lie algebra ¢(L).

Remark 2.10. Theorem 2.8 and Theorem 2.9 do not require L to be finite dim. But

Theorem 2.7 requires that because it views L as an L-module.

Corollary 2.11. Let L be a Lie algebra and let M be a finite dim L-module, i.e.,
a finite dim representation. If any element in L acts nilpotently, then there exists a

basis of M such that L consists of strictly upper triangular matrices; that is,

0 *

0 *
Lc|. |

0 0 0

Proof. Let ¢ be the representation. By Theorem 2.8, ¢(L) is nilpotent. Let n be such that
o(L)™ # 0 and ¢(L)"*™! = 0. Take a nonzero vector vy in ¢(L)*(M). Then repeating the
procedure for M /Cv; (not necessarily an L-module), on which ¢(L) still acts nilpotently

gives vy € M\ (Cuvy). Iterating, we get a basis vy, va, ..., v4im p as desired. a

10



Chapter 3

Lie’s Theorem

Lemma 3.1. Let charF = 0 or charIF > n. Let a,b be two n X n matrices s.t.
[a, [a,b]] = 0. Then [a,b] is nilpotent.

Proof. Since ada is a derivation, we have

o, N
(ad a)i(b) = nrst
nlla,b]” if j =i.

Let f = 2"+ 3, 12" ' 4...+ B1x+ By be an annihilating polynomial of b. Applying (ad a)”
to f(b) = 0, we have
(ada)™(f(b)) = nlla,b]™ = 0.

Since n! # 0, [a,b]™ = 0. O

§3.1 Two equivalent statements of Lie’s Theorem

Definition 3.2. Let L be a Lie algebra. Define a sequence of ideals recursively:
LO=pr,  p*D L&) L) for k > 0.

If there exists n > 0 such that L™ =0, then L is called solvable.

Theorem 3.3 (Lie’s Theorem). Let L be a solvable Lie algebra over F and M be
a finite dim L-module. Let charF = 0 or charF > dimg M and F be algebraically
closed. Then there exists a basis of M such that

* % *
0 =x *
L C
0 0 =

11



Let us show an equivalent theorem.

Theorem 3.4. If L is a solvable Lie algebra and M is an irreducible finite dim
L-module, then M is 1-dim.

Proof of Theorem 3.4. As we are mainly concerned with the image of L — (Endg M)(),

we may assume L C (Endp M)(7). Since L is solvable, we have
LOLWoL@ > 2L® 2L =0, for some s < dim M.

If s =0, i.e., L is abelian, then M contains a common eigenvector v for all elements of
L.' Since Cv is L-invariant, by irreducibility of M, we get M = Cv. Then we are done.

If s > 0, then for any a € L' and b € L, [a,[a,b]] € [L®),L®)] = LD = 0.2 By
Lemma 3.1, we have [a,b]™ = 0. Consider a Lie subset S = {[a,b] : a € L(®),b € L}, all of
whose elements are nilpotent. By Theorem 2.4, span S = [L(®), L] is nilpotent. Note that
[L®), L] is an ideal of L.> Then [L(), L]M is a submodule of M. By the irreducibility of
M and nilpotency of [L(®), L], this submodule must be 0, that is, [L(*), L] = 0. Then for
any z,y € L5~V [z, [z,y]] = 0. By Lemma 3.1, [z,%] is nilpotent. Applying Theorem 2.4
again, we have L(®) is nilpotent. Then, by the irreducibility of M, we can conclude that

L) = 0 which is a contradiction. O
Now we show the equivalence between Theorem 3.3 and Theorem 3.4.

Proof. Theorem 3.3 = Theorem 3.4 is obvious. Conversely, let M; be a minimal submodule.
Then consider M /M; which has dimension dim M — 1. Then it follows by induction. [

Example 3.5. Let charF = 2. Then gly(F) is solvable:
L= (%7 , L@ = a 0 , LO® =o.
b « 0 «

§3.2 A stronger version of Lie’s Theorem

In the following, we introduce a version of Lie’s Theorem which does not require F to

be algebraically closed.

Theorem 3.6. Let L be a solvable Lie algebra over F and M be a finite dim L-module.
Let char[F = 0 or charF > dimp M, Then [L, L] acts nilpotently.

!Commutative operators have the same eigenspaces.
2L are ideals of L.
3Since L is an ideal of L, [[L®, L], L] c [L¥, L].

12



Proof. Denote by F the algebraic closure of F. Consider L = L ®¢ F and M = M ®f F.
Then M is naturally an L-module. Then by Theorem 3.3, L can be represented by upper
triangular matrices over F. Thus, [L, L] consisting of strictly upper triangular matrices acts
on M nilpotently. Since the action of L is compatible with the original action, [L, L] also

acts nilpotently. O

Under the assumption that the field is algebraically closed, we can deduce Theorem 3.4
by Theorem 3.6: Since [L, L] acts nilpotently and M is irreducible, [L, L] = 0. Thus, L is
abelian. Then the same argument of the s = 0 case in the proof of Theorem 3.4 completes

the proof.

Summary. We have the following relations:

alg. closed

Theorem 3.6 Theorem 3.3 <= Theorem 3.4.

13



Chapter 4

Jordan-Chevalley Decomposition

§4.1 Solvable ideals and radicals

Let us start with two easy lemmas.

[ Lemma 4.1. Let I < L, and both I and L/I are solvable. Then L is solvable.

Proof. Let IDI' > ... 1™ =0 and L/T > (L/T)Y > ... > (L/I)™ = 0. Then

L) — (pm)ym) <« 7im) — g

[ Lemma 4.2. Let I, J be solvable ideals of L. Then I + J is solvable. ’

Proof. (I+J)/I=J/(INJ). Since J/(INJ) and I are both solvable, by Lemma 4.1, I +.J

is solvable. O

l Definition 4.3. Let Rad L be the mazimal solvable ideal of the Lie algebra L. ’

In particular, if L is finite dim, Rad L exists uniquely because of Lemma 4.2. Note that
L/ Rad L has no solvable ideals.

Definition 4.4. A linear transformation ¢ is called semisimple if it satisfies
1. 3 a basis in which the matriz of ¢ is diagonal.

2. (¢ —a)>v =0 if and only if (p — a)v = 0.

The two conditions above are equivalent.

§4.2 Review of Jordan decomposition

Let F be algebraically closed, V' be a finite dim F-vector space and ¢ : V. — V be a

linear transformation.

14



Denote V,, = {root vectors w.r.t. a} U {0} = ker(¢ — a)dmV.

l Theorem 4.5. V=V, & ... 8 V,,, where ay,...,a, are distinct eigenvalues of ©.

Proof. There exists a polynomial f(t) = (t—aq)™ ...(t—a,)" such that f(¢) = 0. Denote
by
forl1>i>r.

gi = !
o

t— Ozi)ni ’
Since they do not have common roots, ged (g; : 1 > ¢ > r) = 1. Thus, there exist h; € F[t]
such that Y, h;gi = 1. Thenforany v € V, v =Y, hi()gi(¢)v, where hi(¢)gi(p)v € Va,.

Next, we show the linear independence of V,,,. Let v; € V; such that vi+vo+...4v, = 0.
Suppose there exists v; # 0. Then we have (¢ — ;)™ v; = 0 and g;v; = 0'. Since (t — a;)™

and g; are coprime, v; = 0, which is a contradiction. O

Theorem 4.6. ¢ can be decomposed as ¢ = ps+ pp, where g is semisimple and @y,
is nilpotent. Moreover, there exists a polynomial P(t) € F[t] with zero constant term

such that s = P(p). In particular, ¢, = (1 — P)(p).

Proof. Let V =V, ®...®V,, asin Theorem 4.5. Define ¢, to act on V,,, by multiplication
by a;. Then ¢ — ¢, is naturally nilpotent.? By Chinese Remainder Theorem, there exists
a polynomial P(t) € F[t] such that

P(t)=ca; mod (t — ;)" for all 4.

Furthermore, we can require P(t) has zero constant term: if 3 o; = 0, then we are done; if
not, we just add the equation P(t) =0 mod t. After adding, CRT still holds.? O

Theorem 4.7. If we further require [ps, on] = 0, the decomposition in Theorem 4.6

is unique. We call it Jordan decomposition.

Proof. 1t is obvious that the decomposition in Theorem 4.6 satisfies the requirement. We
use the same notations as in Theorem 4.6. Suppose that we have another decomposition
© = ¢l + ¢, satisfying [}, @] = 0. Then ¢} and ¢!, both commute with ¢. Since
and ¢, are polynomials of ¢, they also commute with ¢4 and ¢,,. Thus, ps — ¢, is still
semisimple and ¢,, — ¢/, is still nilpotent. As a consequence, @5 — ¢, = ¢, — ¢}, is both

semisimple and nilpotent, which implies 5 = ¢/ and ¢, = ¢/,. O

g kills v; for all j # i.
2Check on each Va, -

3¢ has no common roots with (¢ — a;)™’s.

15



§4.3 Compatibility with adjoint representation

We continue to use notations as in §4.2. In particular, ¢ : V' — V is a linear transfor-

mation in Endp V' = gl(V).

Theorem 4.8. If ¢ = s + @, is the Jordan decomposition of ¢, then adp =
ad ps + ad ¢, s the Jordan decomposition. In particular, ad ps and ad ¢, can be

expressed by polynomials of ad ¢ with zero constant terms.

Proof. 1. ad ¢y is semisimple, because the action on the basis element E;; satisfies

aq

JEij | = (o — aj) Eyj.

2. ad g, is nilpotent because (ad ¢, )™V = 0.

3. [ad s, ad vy ] = ad[ps, @] = 0 since ad is a Lie algebra homomorphism. O

16



Chapter 5
Cartan’s Criteria

In this chapter, we always assume that F has characteristic 0 and V is a finite dim

vector space over F.

§5.1 Replicas

Definition 5.1. Let ¢ be a linear transformation on V. Suppose there is a basis of

V' such that

aq

a2

Qn

We call a linear transformation v a replica of ¢ if

o
P2

’L/J: . and ai:aj:>,8izﬂj.

Bn

Then we have two easy properties of replicas.

Proposition 5.2. If ¢ is a replica of ¢, then 3 f € F[t] s.t. ¥ = f(p).

Proof. By Chinese Remainder Theorem, we have a solution f for the system of equations:
f(t)=06 modt—q; foralli.

Then f is as desired. O

Proposition 5.3. Let ¢ be a semisimple linear transformation defined as in Def-
inition 5.1 and m € Homg(F,Q) be a Q-linear function. Let v = 7(p) =
diag(m(a1), ..., m(awy)), then ad ) is a replica of ad .

17



Proof. In the proof of Theorem 4.8, we have proved that ad ¢ and ad ¢ are semisimple with
eigenvalues a; — a;’s and 7(«;) — m(a;)’s, respectively. Moreover, if a; — aj = o, — o, then

m(a;) — m(oy) = m(p) — m(ag). o
Then we have an immediate corollary by Proposition 5.2.

Corollary 5.4. Let ¢ and ¢ be as in Proposition 5.3. Then 3 f € F[t] s.t. ady =
flad ).

§5.2 Cartan’s Criterion for solvability

Recall that V is finite dimensional.

Lemma 5.5 (Nilpotency criterion). Let A C B C gl(V) be subspaces. Denote by
M={pegl(V):[p,B] C A}. If p € M and tr(p¢M) = 0, then ¢ is nilpotent.

Remark 5.6. Why M is better than L? Let ¢ and 1 be as in Proposition 5.3. Then

Cor 5.4
==

peM < adp:B— A ady: B> A < Y e M.

Proof of Lemma 5.5. Let ¢ = @5+, be the Jordan decomposition of . Take an arbitrary
linear transformation 7 € Homg(F, Q) and let ¢ = 7(¢,). Under some basis, ¢, and 9 can

be expressed as a matrix

a ()
ps = and ”[)b =

on ()

By Remark 5.6, ¢ € M; hence tr(¢1) = 0. This gives tr(ps)) = 0, because ) commutes
with ¢, (by Proposition 5.2) and ¢, is nilpotent. Thus, we have ) . c;m(c;) = 0. Applying
T again, we get a sum of rational numbers Y, m(a;)? = 0, which means 7(a;) = 0 for all 4.

By arbitrariness of 7, we finally get ¢s = 0, that is, ¢ = ¢, is nilpotent. O

Theorem 5.7 (Cartan’s Criterion for solvability). If a Lie algebra L C gl(V') satisfies
tr(L[L, L]) = {0}, then L is solvable.

Proof. Let M = {z € gl(V) : [x,L] C [L, L]} (take A= [L,L], B= L in Lemma 5.5).
We will prove tr([a,b]M) = 0 for any a,b € L. Let x € M. Note that

tr([a, b]z) = tr([azx, b]) — tr(a[z,b]) =0,

because the elements in [L, L] have trace 0 and [z,b] € [L, L].

By Lemma 5.5 we can deduce that [a, b] acts nilpotently for any a,b € L. Namely, the
elements in the Lie subset S = {[a,b] : a,b € L} act nilpotently. Then by Theorem 2.4, we
have [L, L] = span S acts nilpotently, which implies L is solvable. O

18



§5.3 Cartan’s Criterion for semisimplicity

Recall that for a finite dimensional Lie algebra L, Rad L is the largest solvable ideal
and contains any solvable ideal of L. Moreover, the quotient Lie algebra L/ Rad L does not

contain any nonzero solvable ideals. We say a Lie algebra is semisimple if its radical is 0.

Definition 5.8. We call the bilinear form defined as (alb) = tr(adaadb) for all
a,b € L the Killing form of L.

The Killing form has associativity: Let z,y, z € gl(V). tr([z, y]z — [y, z]) = tr([z, y]z+
ad z[z,y]) = tr([zz,y]) = 0. In particular, ad L C gl(L).

Theorem 5.9 (Cartan’s Criterion for semisimplicity). For a finite dimensional Lie

algebra L, L is semisimple if and only if its Killing form is nondegenerate.

Proof. Suppose L is semisimple. Let I = {a € L : (a|L) = 0}. Since the Killing form is
associative, I <9 L. Note that tr(ad IadI) C (I|I) = {0}. By Theorem 5.7, ad I C gl(L) is

solvable. Consider the Lie algebra homomorphism
ad|r: I —adl; a+ ada.

We have adl = I/ker = I/(I N Z(L)), where Z(L) is the center of L. Since ad and
I'N Z(I) are solvable, I is solvable.
Suppose the Killing form is nondegenerate and J <1 L is a nonzero solvable ideal of L.

Then L contains a nonzero abelian ideal I.! For any a € I and b € L, we have (adaad b)? =
0, since [b, [a, [b, L]]] € I. Thus, (a|b) = tr(ad aad b) = 0, which is a contradiction. O

et J™ # 0 and J™+Y = 0. Then J™ is the desired ideal.
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Chapter 6
Consequences of Cartan’s Criteria

In this chapter we always assume L is finite dimensional.

§6.1 Decomposition of semisimple Lie algebras

Let us first review linear algebra.

Proposition 6.1. Let V' be a vector space with a symmetric bilinear form (| ) and
W CV be a finite dimensional subspace on which (| )w is nondegenerate. Denote

byWt ={veV:(@W)={0}}. ThenV=Wa W

Proof. Tt is obvious that W N W+ = {0}. Let wy,wa,...,w, be a basis of W. For any

v € V, we have a system of equations
(v —oqwy — awy — ... — auwyp|w;) =0, forj=1,...n,

where «;’s are viewed as variables. Since det(w;|w;) # 0, the system has a unique solution,
also denoted by «;. Thus, v — ) . ow; € W as desired. O

Remark 6.2. If we require V is finite dimensional and ( | )v is nondegenerate, we can
only deduce dimV = dim W + dim W+,

[ Proposition 6.3. If L is semisimple and (0) # I < L, then (| )1 is nondegenerate.

Proof. Assume that 3 nonzero a € I s.t. tr(adaadI) = {0}. Then
([a, T]|L) = (al[L, L]) € (all) = {0},

which implies [a,I] = (0). Then I N Cr(I) # (0). For any b € I N CL(I), we have
([b, L)|I) = (b|[L,I]) = (b|I) = {0}. Thus, I N Cr(I) is an abelian ideal of L. This is a

contradiction with semisimplicity of L. O
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Theorem 6.4. If L is semisimple, then L is a direct sum of simple ideals. Moreover,

this decomposition is unique.

Proof. Let I be an ideal of L. Then by Proposition 6.3 and Proposition 6.1, L = I & I+,
Note that I+ is also an ideal of L by associativity of the Killing form. Then by induction

on dim L, we obtain the desired decomposition
L=LaelLe...l,

where I; are simple ideals of I.!

To show the uniqueness, let I be a simple ideal of L. Then [I, L] = I because Z(L) C
Rad(L) = (0). On the other hand, [I,L] = €,[1, I;]. Since I is simple, [I, ;] < I is I itself
or (0). So all but one summand must be (0). Say [I,I;] = I. Then I = I,. O

The following is a corollary of Proposition 6.3 and Cartan’s Criterion of semisimplicity.

Corollary 6.5. Fvery ideal of a semisimple Lie algebra L is still semisimple. More-

over, every quotient of L is still semisimple.

Proof. The first statement follows immediately from Proposition 6.3 and Theorem 5.9. Let
I < L be an ideal. Then by Proposition 6.1, L/I = I'+. By the associativity of the Killing

form, I' is also an ideal of L, and thus semisimple. O

§6.2 Derivations

Recall that inner derivations are derivations in ad L.

l Theorem 6.6. If L is semisimple, then all derivations are inner.

Proof. Let d : L — L be a derivation. Consider the Lie algebra L := L ®Fd, whose brackets
are defined as
[d,a] =d(a) = —[a,d].

It is straightforward to check it is a well-defined Lie algebra. Note that L is not semisimple.
Otherwise, by Theorem 6.4, L = L & (1- dimideal), which is a contradiction.

Then Rad L #0. Saya+de€ Rad L for some a € L. For any b € L, since Rad L is an
ideal, [a + d,b] = [a,b] + d(b) € Rad L N L. Since Rad L N L is a solvable ideal in L, it must
be {0}. Thus, d = —ada. O

Example 6.7. There are examples of outer derivations (derivations but not inner).

1. Let A be a commutative associative algebra. Then A is an abelian Lie algebra

and all inner derivations are 0. Thus, all nonzero derivations are outer.

! Actually we need to show if J <1 I < L be an ideal, J is an ideal of L. This holds because I is an ideal.
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2. Let A = Mat(2;F[X]). Consider the Lie algebra A) and a derivation defined

by
/
FX) g(X)\ _ (f(X) ¢(X)
hX)  u(X) H(X) W'(X))
Note that it is NOT an inner derivation: Otherwise, this inner derivation maps
all constant matriz (whose elements are constants) to 0. This means a matriz

commutes with all constant matrices. It can only be zero matrixz. Moreover, it is

obvious that this derivation is not a zero map. Hence, we deduce a contradiction.

§6.3 Abstract Jordan decomposition

Let L be a Lie algebra. We call an element x € L semisimple if ad x is semisimple,
and nilpotent if ad x is nilpotent.
In this section, we require the field F to be algebraically closed. To show the abstract

Jordan decomposition for an abstract Lie algebra, we need a lemma.

Lemma 6.8. Let A be a finite dimensional F-algebra. Then Der A contains the

semisimple and nilpotent parts (in End A) of all its elements.

Proof. Let ¢ be an arbitrary element in Der A and ¢ = ¢+, be the Jordan decomposition
in End A. It suffices to show that ¢, € Der A.

Since [ is algebraically closed, we have root space decomposition of A w.r.t. the linear
map @, say A = @\ A*, where A* is the root space corresponding to eigenvalue . We assert
that A*A* C AM* by means of the general formula:

n

(o= Ot (a) = 3 () (o= Ot m)@) - (o = )"0,

=0

for any x,y € A. Then for any z € A* and y € A*, vs(zy) = A+ p)(zy) = vs(z)y+x0s(Y),
which implies ¢, € Der A as desired. O

Theorem 6.9. For any element x € L, there exists a unique decomposition r =
Ts + T S.t. x4 is semisimple, x, is nilpotent and [xs,x,] = 0. We call it the

abstract Jordan decomposition of x.

Proof. For any z € L, we have the Jordan decomposition of ad z in End L. By Theorem
6.6 and Lemma 6.8, the semisimple and nilpotent parts of ad x are contained in ad L, i.e.,
dxs, xp, € L st. ade = adxs + adx, s.t. adx, is semisimple, ad x,, is nilpotent and
ad[zs, x,] = [ad zs,ad z,] = 0. Since L is semisimple, the adjoint representation ad : L —
gl(L) is faithful, i.e., one-to-one. (kerad = Z(L) = 0.) Then x = zs + x,, and [zs, z,] = 0.
The uniqueness follows from the uniqueness of usual Jordan decomposition and faithfulness
of ad. O
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Chapter 7

Casimir Elements of L-Modules

§7.1 Tensor products of modules

Proposition 7.1. If V and W are two L-modules, there is a well-defined L-module
structure on V @ W by

av@w)=aww+v®aw, forallveV, weW.

Proof. Define ¢ : VxW — V@ W by ¢(v,w) =av® w + v ® aw, which is a well-defined
bilinear map. Thus, by the universal property of tensor products, 3! ¢ s.t. the following

diagram commutes.
VxW —“oVeWw

~ 7

Vew
Thus, the action is well-defined. O

Definition 7.2. If V is an L-module, then V* = Homp(V,F) has an L-module
structure defined by [a, plv = —p(av).

Furthermore, we can define L-module structure on Homp(V, W) by [a, ¢]v = ap(v) —
p(av), where ¢ € Homp(V,W). It is a special case of the above proposition if we regard
Homp(V, W) as V* @ W.

§7.2 Schur’s Lemma

Lemma 7.3. [Schur’s Lemma] Let F be an algebraically closed field and V' be a finite
dim vector space. Let ¥ C Endp(V), and we assume that ¥ acts on V irreducibly
(with no nontrivial invariant space). Then the centralizer C'(X) = {¢ € Endp(V) :

wa = ap,Va € X} consists of scalar multiplications.
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Proof. Note that C'(X) is an associative algebra of Endp(V'). We will prove it actually is
a division algebra. Let 0 # ¢ € C(X). Note that both kerc and imc are ¥-invariant.
Then kerc = (0) and imec = V, which implies ¢ is invertible. Moreover, ¢~! satisfies

clo =ctpcc™t = pe!. Thus, ¢! € O(X).

Lemma 7.4. The only finite dim division algebra over an algebraically closed field
F is F itself.

Proof of Lemma 7.4. Let C be a division algebra and ¢ € C. Denote dimp C' = d. Then the
d+1 elements 1,c, ..., c? are linearly dependent. 3 f € F[t], say f(t) = a(t—a1) ... (t—a),
s.t. f(¢) =alc—aql)...(¢c—ay1) = 0. Since C is a division algebra, which is naturally an

integral domain, 37 s.t. ¢ = ;1. O
Then our claim follows immediately from Lemma 7.4. O

The following is a consequence of Schur’s Lemma.

Corollary 7.5. If L is a finite dim simple Lie algebra, any associative nondegenerate

symmetric bilinear form must be a scalar multiple of the Killing form.

Proof. Let (| )1 and (| )2 be two associative nondegenerate symmetric bilinear forms of L.

Since L is finite dimensional and the forms are nondegenerate, 3 o € Endp(L) s.t.
(u|)1 = (a(u)]-)2, for any u € L.
By associativity, we have for any u,v € L

(a([u, v])]-)y = ([w, v][ ) = (ul[v, D = (a(w)]v, D)2 = ([a(u), v], ), -

It implies that o commutes with adv for any v € L. By Lemma 7.3, a € C(ad L). Since L

is simple, namely ad L acts irreducibly, o must be a scalar multiplication. O

§7.3 Casimir operators

In this section, we always assume L is a finite dimensional semisimple Lie algebra.
Let (| ) be an associative nondegenerate symmetric bilinear form. Note that ( | ) is not
necessarily the Killing form. But by Corollary 7.5, in each simple component, it is a scalar
multiple of the Killing form.

Let e1,es,...,e, be a basis of L and el,e?,...,e" be the dual basis with respect to
(), ie. (e;]e’) =d;j. Denote c=>".e; @ e’ € L ®p L.

[ Proposition 7.6. View L ® L as a tensor product of L-modules. L -c = 0.

Proof. We need the following lemma.
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[ Lemma 7.7. For any a,b€ L, (3, e; ® e'la®b) = (alb).

Proof. Let a =", e’ and b=, Bie;. Then

(Zei@)ei\a@b)zz (eila)(e Zalﬁz_ (ald).

O]

For any a € L, we need to show that a-c = Y"1 [a,e;]@e’'+> I e;®][a, e’] = 0. Since
(| )roL is nondegenerate!, it suffices to show that for any b®d € L® L, (a-c|b®d) = 0.

(Za ez ® e +Zez
i=1

b@d) Dl el eild) + D (eile) fa, )

S Z(ei\[a, b)) (e'|d) — Z(ei!b)(ei\[a,d])
= —([a,b]|d) — (bl[a,d])

O]

Remark 7.8. Note that ¢ does not depend on the choice of e1,...,en,. If there is another
basis f1,..., fn, then the bilinear form of > ;e;®@e' — >, fi ® f* with every a®b € L® L is
zero. Since the bilinear form is nondegenerate, these two summations coincide. Therefore,

we call this ¢ the Casimir element of L.

Remark 7.9. Let A be an associative algebra satisfying L C A) and L generates A, i.e.,
A is an associative enveloping algebra of L. We can regard LL C A as an L-module by
a - be := [a,bc] = [a,blc + bla,c] € LL. Note that there exists an L-module homomorphism
from L ® L to LL by b® c — bc. We call the image of ¢ under this homomorphism (also
denoted by c) the Casimir operator of A. Proposition 7.6 tells us that c =Y. e;e’ € Z(A).

!We can check by its Gram matrix. Let A = (a;;) be the Gram matrix of ( | )y under the basis 21 ..., Tn.
Then under the basis z1 ® z1,...,T1 Q Tn, T2 @ T1,...Tn ® Tn, the Gram matrix of ( | )rgr is
antA  azA - anA
az1A  a22A - azA
anlA anQA ot annA

which has determinant |A|*™ # 0.
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Chapter 8

Complete Reducibility

§8.1 Completely reducible modules

Let F be a field (the characteristic and algebraic closeness are irrelevant). Let A be
a linear algebra (not necessarily containing unity) and V' be an A-module (not necessarily

finite dimensional).

Proposition 8.1. The following two conditions are equivalent:

1. V submodule W C V is a direct summand, 3 a submodule W' CV st. V =
W o Ww'.

2.V = @ie[ Vi, where V;’s are irreducible.

Proof. 1 = 2. We claim that it is enough to show that V = % ., V;, for some index
set I. Suppose we have such summation. Let I’ be a maximal subset of I such that
> icr Vi is direct. The existence of I’ is due to Zorn’s Lemma. Then for any V;, j € I\I’,
(B Vi) NV; = (0) or V; by irreducibility of V;. By the maximality of I’, the intersection
must be V;. Thus, V = @, V.

Now we need to show that W := > (irreducible submodules) = V. If not, then 3
nonzero submodule W/ C V s.t. V=W @ W'. Say w € W and w # 0. Denote by P the
submodule generated by w. Note that we have a maximal submodule Q C P.! Suppose
V =Q & Q. One can prove that P’ := Q' N P satisfies P = P’ ® Q. Then P’ = P/Q. By
the maximality of @, P’ is irreducible, contrary to our assumption about W.

2 =1 Forany W C V = @,V;, we denote by I’ the maximal subset of I s.t.
(Bicr Vi) NW = (0).2 We claim V = (@, Vi) + W. It suffices to show that it contains
any V;. If 3 j € I s.t. Vj is not contained, then

G vi|nw=(0)

el'U{j}

1Since any proper module does not contain w, the union of them still does not contain w. Then by Zorn’s
Lemma, a maximal submodule @ C P exists.

2The existence is due to Zorn’s Lemma.
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This is a contradiction with the maximality of I’. O

Definition 8.2. An A-module satisfying either of the equivalent conditions in Propo-

sition 8.1 is called completely reducible.

§8.2 Weyl’s Theorem

Compared with the generality of the last section, in this section, we assume L is a finite

dimensional semisimple Lie algebra over an algebraically closed field F of characteristic 0.

Theorem 8.3 (Weyl’s Theorem). Every finite dimensional L-module is completely

reducible.

Proof. Let V be a finite dimensional L-module. It suffices to show that for every submodule
W 3 a submodule of V' as its direct sum complement. The proof is divided into three parts.

Part I: W is irreducible and has codim 1. Note that the trace form (alb) =
tr(alwb|w) is nondegenerate symmetric and associative. Symmetry and associativity can
be proved similarly to the Killing form. Suppose I < L is an ideal s.t. (I|L) = {0}. Then
(I|[1,I]) = {0}. By Cartan’s Criterion (Theorem 5.7), the image of I is solvable. By
Corollary 6.5, the image of I is semisimple, which is a contradiction.

Let e;, 1 <i < n be a basis of L and €’ be its dual basis w.r.t. (| )w. Thenc= 3", e;e’
satisfies tr(clw) = ) _,(eile;) = n. On the other hand, by Proposition 7.6, ¢ lies in the
centralizer of L|y. By Schur’s Lemma, c|yy = a - Idy for some constant o« € F. Then
a=n/dimW # 0.

The quotient V /W is a 1-dim L-module. Thus, L = [L, L] acts as 0 on V/W.3 This
implies that L -V C W. In particular, ¢c-V = W. So we have V = W @ kerc. Part I is
completed.

Part II: W is reducible and has codim 1. We use induction on the dimension of
V, thanks to Part I. Suppose W' C W is a proper submodule. Then W/W’' C V /W' also
has codim 1. Then by induction, 3 v € V s.t.

V/W' = (Fv+W)/WeW /W

with dim(Fv+W') /W’ = 1. Obviously, v ¢ W’ and v ¢ W. By induction hypothesis again,
Fv+ W' =W’ @ (1-dim L-module). Moreover, this 1-dim L-module is not contained in W
since v does not belong to W. By a routine check, we have V' = (1-dim L-module) & W.
Part III: W is arbitrary. Recall that our goal is to find a direct sum complement
of W C V. We consider Homp(V, W) as a subspace of Endg(V). It suffices to find an
L-module homomorphism p : V — W such that p? = p and p| = aidy for some nonzero

constant «, because we would get V =W & kerp. Let

S = {p € Homp(V,W) : p|w = a - idy for some o € F}.

3Yx € L, z acts as a scalar on V/W. Thus, [L, L] acts as 0.
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Note that the elements in S are module homomorphisms: Vo € S and a € L, [a, p|(w) =
ap(w) — plaw) = 0. Let Sy = {p € S : plw = 0}. Thus, S is an L-module because
[L,S] = Sy € S. Moreover, we notice that Sy as a submodule of S has codim 1. By Part
I and Part II, 3 submodule S” C S s.t. S = Sy @ S’. Then any nonzero ¢ € S’ is as
desired. O

Topic (Comparison with Maschke’s Theorem). Let G be a finite group and F be a
field with charF = 0. (The theorem actually holds for charF {|G|.)

Theorem 8.4 (Maschke’s Theorem). Any G-representation (not necessarily

finite dim) is completely reducible.

Proof. Let V be a G-representation. It suffices to show that any subrepresentation

W C V has a direct sum complement. Let p be a projection from V to W. Define

1

P = @ Z gpg~! € End(V, W).

geG

Then one can check ¢ is a homomorphism of G-representations. Thus, V = W &
ker . O

Remark 8.5. We can actually prove Weyl’s Theorem following the proof of
Maschke’s Theorem, when the Lie algebra L comes from a compact Lie group. But
it would be quite complicated and involve too many details (not all Lie algebras come

from compact Lie groups).

L

§8.3 Preservation of Jordan decomposition

Now we can generalize Theorem 4.8 to any finite dimensional representation.

Theorem 8.6. If (V,p) is a finite dimensional representation of L, p(x) = p(xs) +
o(xy,) is the (abstract and usual) Jordan decomposition of the linear map ¢(x), where

T = x5+ xp is the abstract Jordan decomposition of x.

Proof. The proof is divided into three parts. The following graph illustrates the main
structure.
o(2)-AJD £22E3, (2)-UID
Kt

’
v

Part 1 ’

v

a:—AJi)

Part 1: The abstract Jordan decomposition of ¢(z). It is obvious that ad p(zs)
is semisimple and ad ¢(xy,) is nilpotent. Moreover, we have [p(xs), p(z,)] = ¢([zs, zn]) = 0,

o(x) = o(xs) + p(zy) is the abstract Jordan decomposition for ¢(x) € ¢(L).
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In the following, we will prove it is also the usual decomposition of ¢(x) as a linear
map in End(V).

Part 2: ¢(L) contains the semisimple and nilpotent parts of its elements.
Let ¢(x) = ¢(x)s + ¢(z)n be the usual Jordan decomposition of ¢(x) in gl(V). Now we
consider the Lie algebra ¢(L) C gl(V'), which is finite dimensional and semisimple, thanks to
Corollary 6.5. Note that adgy ©(x)s, the semisimple part of adgi(v ¢(x), is a polynomial
with a zero constant term of adgy) (). It implies that adg iy ¢(z)s sends (L) to p(L),
and so does adg(y) ¢(7)n. Thus, ad,(r) p(7)s and ad,,(r) ¢(x), are derivations of the algebra
»(L). By Lemma 6.8, 3 ys, yn, € ¢(L) such that

ady(r) ys = adyry p(z)s  and  adyr) yn = ady(r) P(T)n-

Then ¢(x)s — ys commutes with any elements in ¢(L). By Weyl’s Theorem we can write
V = @;V;, where V;’s are irreducible representations. On each V; by Schur’s Lemma,

p(r)s — ys acts as a scalar multiplication. On the other hand, on each V;, we have

tr (p(x)s — ys) = tr(p(z) — ys) — tr (p(x)n) =0,

where the first trace vanishes because p(z) — ys € (L) = [p(L), ¢(L)] and the last trace
vanishes because ¢(z),, is nilpotent. So ¢(z)s = ys € ¢(L), and thus ¢(z), € p(L).

Part 3: The abstract and usual Jordan decompositions coincide. By Theorem
4.8, adgv) p(7)s and adgy) ¢(7)s are semisimple and nilpotent, respectively. Since ¢(L)

is an invariant subspace of gl(V) w.r.t. ad p(z)s and ad (),

adyry p(z)s = (adg[(V) 90(1‘)8) ’¢(L)

is semisimple, and
ady(r) p(2)n = (adg(v) ¢(2)n) ‘Qp(L)
is nilpotent. By the uniqueness of the abstract Jordan decomposition, ¢(x)s = ¢(xs) and

o(x)n = p(zn). O

29



Chapter 9
Representations of sly(IF)

In this chapter we always assume F is algebraically closed and characteristic 0. All

modules in this chapter are assumed to be finite dim.

Let
b
Lzslg(F):{<a ):a,b,cGF}.
c —a
Take the standard basis

SO B G S

[h, €] = 2e, [h, f] = —2f, le, f] = h.

Then

Definition 9.1. Let V' be an sly-module. A nonzero vector v € V is called a weight
vector of weight A € F if hv = Av. Denote by V\, = {v € V : hv = v} the

corresponding weight space.

By Theorem 8.6, the action of A on every finite dim sls-module is semisimple. Thus

every finite dim slo-module V' is a direct sum of its weight spaces, i.e.,

V=.

Proposition 9.2. Let v € V). Then €"v € Viio, and fv € Vy_g. for all r > 0.
Moreover, if ev = 0, then efTv = (A —r + 1)f""Yv for all r > 0.

Proof. The first assertion follows directly from [h,e] = 2e and [h, f] = —2f. For the
last formula, use induction on r. The case r = 0 is obvious. The case r = 1 is efv =
fev + le, flv = Av. Suppose the formula holds for r. Since hf"v = (A — 2r) f"v, we have

ef o= (fe+h)frv=frA—r+1)f ") +A=2r)fv=(r+1)A-r)fv.
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This completes the induction. O

Remark 9.3. This means e raises weights and f lowers weights.

Theorem 9.4. For every n € Z>o, there ezists a unique irreducible sla-module V (n)
of dimension n+1. It has a basis vy, v1, ..., v, such that hv; = (n—2i)v;, fv; = vit1
for0<i<mn, fu,=0, evg =0, and ev; =i(n —i+ 1)v;_1 for 1 <i <n. Moreover,

every finite dim sly-module is a direct sum of such modules.

Proof. Let V be a nonzero irreducible sla-module. Since h acts semisimply, V' contains a
weight vector. Choose a weight vector vg of maximal weight, say hvg = nvg. Then evy = 0.
Put v; = fivg. By Proposition 9.2, ev; = i(n — 4 + 1)v;_1 for all i > 1.

Since V is finite dim, there is a minimal r > 0 such that v,.1 = 0. Applying e to
vp41 = 0 gives (r + 1)(n — r)v, = 0. Since v, # 0, we get n = r € Z>o. Hence vy, ..., v,
are nonzero and have distinct weights, so they are linearly independent. Their span is a
nonzero submodule of V', hence it is all of V' by irreducibility. This gives the required basis
and formulas.

Conversely, the formulas above define an sle-module. Any nonzero submodule contains
a weight vector; applying e repeatedly gives a nonzero multiple of vy, and then applying
f repeatedly gives all basis vectors. Thus the module is irreducible. The last statement

follows from Weyl’s Theorem. Ul

The following graph illustrates the irreducible module V'(n).

-n —n—+2 n—4 n—2 n
O VRS O L~ VN O L O T O
Un Un—1 te V2 U1 Vo
~_ A ~_ ~_
n (’I’L*Q)Jr'll n

In the graph, we use red, brown and blue arrows to illustrate the actions of e, f and h,

respectively.

Theorem 9.5 (sly-strings). Let V' be a finite dim irreducible sla-module and let
0 # v € V. Suppose p,q € Z>q are determined by ePv # 0, ePTlv =0, fiv # 0 and
fitv =0. Then A = q — p.

Proof. By Theorem 9.4, V ~ V(n) for some n € Z>o. Hence V has a basis vg,v1,...,v,
such that hv; = (n — 2i)v;, fv; = vi41 and ev; = i(n — i + 1)v;_;.

Since the weights n,n — 2,..., —n are distinct, each weight space is one dimensional.
Therefore, if 0 # v € V), then v is a scalar multiple of some v;. For this i, we have A = n—2i.
Moreover, e can act nontrivially on v; exactly ¢ times, while f can act nontrivially on v;

exactly n — ¢ times. Thus p = ¢ and ¢ = n — i. Therefore

g—p=Mm—i)—i=n—2i=\
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Chapter 10
Root Space Decomposition

Throughout this chapter L denotes a finite dim semisimple Lie algebra over an alge-

braically closed field F of characteristic 0.

§10.1 Maximal toral subalgebras

Definition 10.1. Let L be a Lie algebra. A Lie subalgebra T C L is called a toral
subalgebra if Va € T, a is semisimple (in L).

Lemma 10.2. Any toral subalgebra T' C L is abelian.

Proof. For any nonzero a € T', T' can be decomposed as a direct sum of eigenspaces of a:

T:@Ta.
o

For any b € Ty, for some o # 0, we have ad(b)Lg C L, for all 5. Note that there exists
k > 1st. B+ ka is not an eigenvalue. Then (adb)*Lg = (0). Thus, b is nilpotent. But
b € T is semisimple by definition. So b = 0. O

Let H be a maximal toral subalgebra.! By Lemma 10.2, L can be decomposed into

a direct sum of common eigenspaces of H, i.e.,

L= @ La,
acH*
where L, = {z € L : adh(z) = [h,z] = a(h)x for all h € H}. By abuse of notation, we
sometimes may denote by («, h) or (h,«) the evaluation «(h).
Denote A = {nonzero eigenfunctions} = {a € H*\{0} : Lo # (0)}. Recall that we
denote by (| ) the Killing form.

[ Lemma 10.3. If o, € AU{0} and a+ B # 0, then (Lo|Lg) = {0}.

!Notice that H exists because L is semisimple and finite dimensional.
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Proof. Since a + 8 # 0, 3 nonzero h € H s.t. (a+ f5,h) #0. For any z € Lo, y € Lg,

([z, hlly) = (z[[h, y]) = (a + B, h) (2[y) = 0,

which implies (Lo |Lg) = 0. O

Corollary 10.4. The restriction® of the Killing form on Ly is nondegenerate.

“Note that the restriction means the form (-|-)z, = tr(adr -adr -)|LyxL,, instead of the Killing
form of Ly (as a Lie subalgebra) tr(adr, -adr, -). However, they coincide when Lo is an ideal, but
Ly is obviously not.

Proof. If x € Ly is orthogonal to Lg, then z is orthogonal to the whole L, thanks to Lemma

10.3. Since ( | )z is nondegenerate if and only if L is semisimple, z = 0. O

Theorem 10.5. H = L.

Proof. Thanks to Lemma 10.3, H C L. But the converse is much harder.

Let a € Ly be an arbitrary element with the Jordan decomposition a = as + a,.
Then ad as and ad a,, are polynomials of ad a with zero constant terms. Thus, adas(H) =
ad a,(H) = (0), which means as and a,, are contained in L. By the semisimplicity of as
and its commutation with H, H + Fa, still acts semisimply. Hence, as € H due to the
maximality of H.?2

Now we need to show (a,|Lg) = {0}. Once this is established, Corollary 10.4 yields
an = 0, and consequently a = as € H, which completes the argument.

Note that Lg is nilpotent. Since adr,as = 0, adr,a = adr, as + adr, ap = adr, an.
Because a,, is nilpotent, adr, a is also nilpotent. By Engel’s Theorem, L is nilpotent.

By Lie’s theorem?®, Lg can be simultaneously upper triangularized under the represen-
tation ady : Ly — gl(L). In particular, ady a, corresponds to a strictly upper triangular
matrix. Thus, (an|Lo) = 0 as required. O

Combining Corollary 10.4 and Theorem 10.5, we immediately get the following corol-
lary.

Corollary 10.6. The restriction of the Killing form on H is nondegenerate.

Summary. For a semisimple Lie algebra L, we call the decomposition

L=Lo+ Y La=H+ Y La

0£acH* 0#acH*

a root decomposition of L.

2Results of this paragraph hold for all elements in Lo since a is arbitrary.

3Nilpotency implies solvability.
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§10.2 The sl; copies

Note that Lemma 10.3 and Theorem 5.9 imply L, and L_, are dual spaces relative to
the Killing form ( | ): if z € L, is orthogonal to L_,, then it is orthogonal to the whole L.
Then the nondegeneracy of (| ) forces x = 0. In this section, we will connect the brackets
with the Killing forms.

Corollary 10.6 allows us to identify H with H*. It will be a vital tool in the following

discussion.

Definition 10.7. We define an isomorphism v from H to H* (as vector spaces) by
v(h) = (h]-). Namely, v(h)(h') = (h|h'), and (v~ (a)|h) = (o, h) for any o € H*
and h,h' € H.

Lemma 10.8. V 2, € Ly and yo € L_q, for some a € A, [Ta, Ya| = (Talya)v ().

Proof. By the associativity of the Killing form, ([, z4]|va) = (h|[Ta,ya]). On the other
hand,

([h za]lya) = {a, h) (zalya) = (Al () (zalya) = (h](alya)v™ (o)) -

By the nondegeneracy of (| )u, [Ta,¥a] = (Ta|va)v (). O

[ Lemma 10.9. Ifa € A, (a]a) # 0.

Proof. Thanks to the dual relation, we can take some x,, € Lo and yo € L_q s.t. (Za|ya) #
0. Then, by Lemma 10.8, Fx, + Fv~!(a) + Fy, is a subalgebra of L, denoted by S. It
is nilpotent since [v~!(a),74] = (a|a)ze = 0. So Fr~1(a) = [S,S] acts nilpotently on L,

which is a contradiction with the semisimplicity of v~ () € H. O

Remark 10.10. In the next section, we will prove that (aja) > 0.

Proposition 10.11. For any a € A and 0 # z, € Ly, we can find yo, € L_4 s.t.

ha = [TasYa] and (T, Yo, ha) form an sly-triple.

Proof. We can find y, € L_y s.t. (24|ya) = ﬁ Then h, = (;iogl) and
(havta) = [ (@), 2] = 1 (" (@), @) w0 =2
o Tal = v (a),ze] = v (a),a) zy = 2x1,.
(a|cx) (o)
Similarly, we have [hq, Ya] = —2Yaq- O

§10.3 Integral properties

Denote by S, the sls copy in Proposition 10.11.
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[ Proposition 10.12. If « € A, then ka € A for k € F if and only if k = £1.

Proof. The subspace M = @,y Lro bears a natural S,-module structure. The weight
space Ly, corresponds to the eigenspace of eigenvalue 2k. Since L is finite-dimensional,
2k € Z, ie., k € %Z. By the complete reducibility, M is the sum of all irreducible S,-
submodules. Moreover, we can divide these submodules into 2 parts by the parity of weights.

Let My be an irreducible submodule with even weights. Then Mj contains eigenvalue
0. Namely, My intersects H nontrivially. Note that H + S, is a S,-submodule, which the
irreducible submodule My intersects nontrivially. Thus, My C H + S,. It implies that
20¢ Aif a € A.

Now we can deduce that submodules of M with odd weights can not exist. Otherwise,
a/2 € A and a € A, contrary to the result above.

In conclusion, we prove that M = H ® Sq, = L_o ® Lo ® Ly O

From the proof, these two corollaries follows.

| Corollary 10.13. Ifa € A, then dim L, =1

| Corollary 10.14. If a,B,a + € A, Loy = [La, Lg].

Furthermore, if we consider the space @,.; Lgyia for two roots «, 3, we have the

following proposition.

[ Proposition 10.15. Suppose o, B € A, @B,y Lgtia is an irreducible Sq-module.

Proof. Lg as a weight space of S, has weight (3, ha) = 26la) ¢ 74 Moreover, Lg,;q has

ala
weight 2((5‘5)) + 2i. Since each weight space has dimension 1 (by Corollary 10.13) and all

weights have the same parity, @, Lg+iq is irreducible as an S,-module. O

i€EZ

§10.4 The inner product

Since ( | )+ is a nondegenerate symmetric bilinear form, we have H* = Fa @ ker(a/-).
We consider the symmetry of this decomposition, i.e., the reflection s, w.r.t. the hyperplane

ker(a|-). Explicitly,
2(z]e)

(afa)

ST T —

[ Proposition 10.16. s,(A) = A.

Proof. For an arbitrary 8 € A, suppose that §—qa, 5 —(¢—1)a, ..., B+ pa is the a-string

of 8. Then 2(%?5)) =¢q—p. Thus —¢ < 2((f||§)) <pand - 2(((5‘5) is in the a-string. O

4One can check by sly-theory that (8, ha) = ¢ — p, where 8 —qo, 8 — (¢ — 1), ..., B+ pa is the a-string
of B.
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[ Lemma 10.17. span(A) = H*. ’

Proof. Otherwise 3 0 # h € H s.t. (h,span(A)) = 0. Then h commutes with L, for any
a € A and with H, i.e., h € Z(L), contrary to the fact that L is semisimple. O

[ Lemma 10.18. (a|f) € Q, for all a, f € A. ’

Proof. Since (a|fB) = gg'@g -(a]e) and 2(((;8“5)) € Z, it suffices to prove (a|a) € Q for all a € A.
Note that

(ala) = (v (a)lr () = tr(v ! (a)?) = Z(ﬁ]a)Z = Z(rat. num.)?(aa)?.

BeEA

Thus (a|a) = W is still rational. O

From the proof, we immediately obtain the following corollary.

| Corollary 10.19. (a|a) > 0 for all a € A.

By Lemma 10.17, we can choose a1,a9,...,a, € A as a basis of H*. Then every
BEA, B=31cicnkia; for some k; € F.

[ Proposition 10.20. All k; € Q.

Proof. We can regard k; as n unknowns in the equation system (5|o;) = ), ki(culoy) for
all 1 < j <n. By Lemma 10.18, the coefficient matrix and (/|c;)’s are rational. Thus, the

solution k;’s are rational. 0

[ Proposition 10.21. ( | ) : QA x QA — Q is positive definite.

Proof. Let A = Y, kioy € QA. (A[X) = (v IAlv™IN) = tr (ad(v™IN)?) = 3 ca(Ma)? >0
and the equation holds if and only if A = 0. O

Let £ = QA ®g R. With the inner product ( | ), £ = R" is a Euclidean space.

Theorem 10.22. In this Euclidean space E, A has the following properties:
1. A C E\{0}, |A| < 00 and spang(A) = E;
2. RanNA ={a,—a};
3. Ya € A, so(A) =A;

4. VYa,Be A, 289 7.

(ale)
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Chapter 11

Abstract Root Systems I

Throughout this chapter we are concerned with a fixed Fuclidean space F, which is a
finite dim vector space over R with a positive definite inner product ( | ). In the Euclidean

space I, we still have the reflection map s, with respect to some nonzero vector «.

§11.1 Irreducible root systems

Definition 11.1. A subset A of the Euclidean space E is called a root system in
E if A satisfies the conditions in Theorem 10.22.

Definition 11.2. If a root system A can be decomposed as a disjoint union ALl As
satisfying A; # 0, (A1]A2) = {0} and span(A;1) @ span(Ay) = E then A is called

reducible; otherwise it is called irreducible.

Example 11.3. There are some examples of root systems. Theorem 12.16 will prove

that they are all irreducible root systems (up to isomorphism?®) in R and R?.

<« —>
Al B2
A2 G2

“Later we will give the definition.
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Remark 11.4. 1. Note that although the root system of type Co seems different, it is

isomorphic to the root system of type By. Furthermore, they are dual to each other.

C A1 x Aq

2. Type Ay x A1 can also be embedded in R?, but it is not irreducible.

§11.2 Angles between roots
Let a, 8 € A and 6 be the angle between them. We have
2(Blar) 2(alB) _  [IBllllex][ cos 6 - [|ex][]|3]] cos & 2
. =4 =4 0).
(al) " (A1) CRBEE (cos?) "

Since 0 < (cosf)? < 1 and the left-hand side of (x) is a nonnegative integer, 4(cos#)? =
0,1,2,3,4. Using high-school knowledge, we have all possible values of 6.

V3 V2 1 1] v2 1] V3
cos | 1| — | —F|—=|0| | —=|—= 1|1
2 2 2 2 | 2 2
5% 3 2T T T s
0 = = A I I Z
16 A 51203/ 156 |°

Now we consider the case of (5|a) # 0 and 8 # £a. In the product at left-hand side

of (%), at least one term is 1. WLOG, say 2(((5'5)) = 1. Then

181 _ 20Blllelicoss 1 _ 1
lle]| ||| 2cosf  2cosf’

Combining with the condition (2) in Theorem 10.22, we can determine the ratio of the

lengths of two roots from the angle  between them, except when 6 = 7.

§11.3 Simple roots

Definition 11.5. A subset B = {f1,02,...,0n} C A is called a base if
1. B is a basis of E;

2. Va e A, a =3 k8 and either all k; € Z>o or all k; € Z<g

Suppose B is a base of A. Then A = A, UA_ by the definition of B. We say (m)
is obtuse if (5;, 5;) < 0.
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[ Proposition 11.6. V3, # 2 € B, (p1|f62) < 0.

Proof. Suppose (B1|82) > 0. Then at least one of 2(26‘5) and 2((;";)) is 1. Say 2((0'[8‘5) = 1.

Then by condition (3) in Theorem 10.22, sg,(f1) = 1 — 28la) B2 = B1 — P2 € A. WLOG,

(ala)

we assume (1 — B2 = Y k;5; with all k; > 0. But since B is a basis of E, the expression is

unique, which implies k; = 1, ko = —1, contrary to the assumption. O

Now we focus on the existence of the base. Consider the hyperplanes o, Vo € A. We
have |J,cp @t # B

Definition 11.7. We call v € E regular if v € E\ (Uycp ab), d-e., (v]a) # 0 for
all o € A.

Then for a regular vector 7, we obtain A = Ay UA_, where Ay = {a € A: (y]a) > 0}

and A_ = —A,. We call the decomposition a regular decomposition of A. Denote by
B(y) ={B € A4|B is not a sum of elements in A, }.

We are going to show this B is a base.
Remark 11.8. B(7) has the following properties:

1. B(y) is not empty. {5 € Ay : (B|y) is minimal among (Ax|y)} C B(v) because if
B=ar+az+ ...+ ay with o € Ay then (B]y) > (ail7y).

2. B(~) satisfies Definition 11.5(2). It follows directly from the definition.
3. B() spans A. It follows directly from the construction.

4. B(v) satisfies Proposition 11.6. Suppose 3 (51|52) > 0. By the same argument in
the proof of Proposition 11.6, B1— B2 € A. Then either f1—[2 € Ay or fo— 01 € A_.
In the first case, we deduce a contradiction that 1 = (81 — B2) + B2 is decomposed; In
the second case, we have that By = (B2 — B1) + 1 is decomposed.

Now it only remains to show B(7) is linearly independent which can be proved by the

following lemma.

-

Lemma 11.9. Let P = {&1,&,...,&} be a finite subset of nonzero vectors in E
satisfying

1. Yi# j, (&l&) < 0;
2. 30#~€E st (y|P) > 0.

Then P is linearly independent.

LOver an infinite field, a finite union of proper subspaces can not cover the whole space.
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Proof. Let 0 ## 1 C {1,2,...,r}and >, ., k;i& = 0 for some k; € R\{0}. Then (7|}, k&) =
> ki(v|&) = 0, where (v]&;) > 0. We can divide I into two parts by the signs of k;’s. Say

k;>0ifie 1 C I and kj <0 ifj clr, = I\Il. Then Zieh kl& = zj612 —kjfj and

0< | D ki&| > k& | = | D_ki&i| Y —ki& | <o0.

i€l i€l i€lr Jj€l>

Summary. We can obtain this one-to-one correspondence for any root system A:

{Bases} & {Regular decompositions}

B — {£-combination of B}
{ all indecomposable

roots in Ay
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Chapter 12

Abstract Root Systems II

§12.1 Weyl chambers and Weyl groups

Note that hyperplanes a*, a € A divide E.

Definition 12.1. A Weyl chamber of the root system A is a nonempty subset

{7 € E\UaL :(y|B) <0VB e A and (7]8) <0 otherwise}

for some subset A’ C A.

Note that every root system A has finitely many Weyl chambers because A’ € 22.

Example 12.2. In the figures below, dashed lines indicate hyperplanes and the darker
region tllustrates a Weyl chamber. To simplify the figures, we denote each root by a

gray point instead of an arrow.

I

I

\ ° / \ Y /

\ / \ | /
\ / \ /
o | . \ / ~ \ A N\ / -
~ -
. " // ° \ ) ° . wlgs o
N y \ 4 S\ e
I \ s SR
- --K--9- - —----—- K= === & --K--0-----
4 N\ & N
1\ / N\ LN
v I N / \ - /N ~
/ 5 ° ‘ 3 ° o 6 ® e
[ J ¢ [} / \ - / ! \ ~
I < I ~
/ \ / \
/ \ / | \
’ ® \ ’ L \
7 \ / | \

I

Definition 12.3. The Weyl group of A is a subgroup of GL(E) generated by all
Sa, @ € A

By definition V w € W, w(A) = A, because it holds for every generator. Then we have
W < Sa. Hence, |W| < 0.

[ Lemma 12.4. Vw € W, (w(B)|w(vy)) = (Bly) for any B,y € E.

Proof. It suffices to show this for its generator s,, for all « € A. By direct calculation, we
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have

2(Be)
(ala)

2(Bla) 2(v]e)

(ala) (afa)

2(7]@)
(afa)

(sa(B)]sa(7)) = (Bl7) = (aly) - (alB) + (ala) = (B]).

[ Lemma 12.5. Let B be a base. Then so, o € B, permutes all A \{a}.

Proof. Let v € Aj\{a}. Then v = k101 + kaf5a + ... + ki[5, for some 3; € B and k; > 0.
By definition, so(v) = k181 + ... + k8 + Oa, for some O € Z. Since the coefs of 3;’s, other
than «, are unchanged, s,(y) € A. O

We denote by p = % > a>0 @, which turns out to be a very important element in E.

Corollary 12.6. Let 5 € B. sg(p) =p— .

Definition 12.7. Let B be a base of A. We call

C(B)={y€E:(v|8) >0,V8 € B}

the fundamental Weyl chamber relative to B.

Since B is a basis of E, C(B) is indeed a nonempty set, i.e., C(B) is a Weyl chamber.
Moreover, any regular element « is contained in precisely one Weyl chamber. Combining

with the summary in §11.3, we obtain one-to-one correspondences:

{Bases} i {Regular decompositions} i {Weyl chambers}.

§12.2 Simply transitive actions of Weyl groups

Let B be a base. Denote by Wg = (sg : § € B).

Proposition 12.8. Given two bases B and B' of A, 3w € Wg s.t. w(B') = B.*

“In Proposition 12.12 we will prove this w is unique.

Proof. Choose a regular 7/ s.t. (B'|7') > 0. We are looking for some w € Wp s.t.
(Blw(y')) > 0. Then by Lemma 12.4 we have (w(B')|lw(y')) = (B'|7/) > 0, which im-
plies B = w(B’) by the 1-1 correspondence between bases and Weyl chambers.

Consider w € Wg s.t. (plw(v)) is maximal. Then V 5 € B, (p|sgw(v)) < (p|lw(v')).
On the other hand, by Corollary 12.6,

(plssw(+)) = (sa(p)lw(v)) = (p — Blw(¥")) -

Thus (B|lw(v’)) > 0. Since v is regular, (Blw(vy’)) > 0 as desired. O
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[ Proposition 12.9. V root can be included in some base.

Proof. Our goal is to find a regular v for any a € A s.t. the base B associated to v contains

a. Thanks to Remark 11.8(1), it reduces to finding a regular « s.t. (a/y) is minimal among

(Ag]y).

VB # +a, Bt # at. Then ot ¢ Upza L. 30 #+ € at such that (7/|a) = 0 and
(+'|8) # 0 for any 8 # +a. Choose « very close to 7' and (y|a) > 0, where “very close”
means 0 < (v|a) < |(v|B)| for all B # +a. This ~ is as desired. O

Combining Proposition 12.8 and Proposition 12.9, we have the following conclusion.

Corollary 12.10. Given a base B,V a« € A, 3w € Wp s.t. w(a) € B. Namely,
A =WpgB.

Now we are ready to prove W = Wp.

Proposition 12.11. W = Wp.

L

Proof. Tt is straightforward to show that s,a = wsqw ' for all « € A and w € W.
Thanks to Corollary 12.10, V a« € A, 3 w € Wp s.t. a = wp for some 5 € B. Thus
Soy = wstfl € Wg. O

It is natural to consider the uniqueness of w in Proposition 12.8. Namely, does the

Weyl group act simply transitively on bases? The answer is yes.

[ Proposition 12.12. YVw € Wg, w(B) = B, then w = id.

Proof. Suppose w # id and denote w = S8, SBiy - SBi> where 3;; € B. WLOG, we assume

this expression is reduced, i.e., m is minimal. We claim that w(8,,) < 0. This contradiction

2

forces w = id.

Suppose w(f;,,) > 0, then B, - S8 1/8im < 0. Consider the sequence of roots:

0< Bim, Sﬁim,lﬁim7 Ty SBy - 'Sﬁim,lﬁim < 0.

Then there exists r s.t. sg, ...sg, B, > 0 and sg,  ...sp,  Bi, < 0. Let u =
S8iy -+ 58, - Then u(By,) > 0 and s, u(fi,) < 0. By Lemma 12.5, u(B;,,) = Bi,.

~Land

Then sg, = usg, u

SBir SBirynr =+ SBim — USBin SBimy = SBiryy t SBipy_10

contrary to the fact that w is reduced. O

Summary. Corollary 12.10 and Proposition 12.11 show that any base of a root sys-
tem together with its inner product encodes the whole structure. Based on this, we

are able to characterize a root system by a matriz, that is, so-called a Cartan matriz.
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Definition 12.13. Given a root system A with a base B = {a1,...,ay}, we call the
e
(ailov)

“The definition depends on the ordering of simple roots, but this is not essential. We say the
Cartan matrices are equivalent if they are equal up to a reordering.

matrix

the Cartan matrixz of A.*

Remark 12.14. Since ( | ) is positive definite, the Cartan matriz is nondegenerate.

Definition 12.15. We say two root systems A C E and A’ C E' are isomor-
phic if there ewists an isomorphism 1 : E — E' mapping A — A and satisfying
(¥(@), p(B)) = (e, B).

By definition, we can easily see that two root systems are isomorphic if and only if they

have equivalent Cartan matrices.

§12.3 Classification of root systems of rank 2

We are now in the position to classify the irreducible root system of rank 2. (Rank one

is plain.)

Theorem 12.16. All irreducible root systems of rank 2 are as follows (up to isomor-

phism). Red arrows indicate the simple roots.

A, B, G2

Proof. For A of rank two, every base B has two vectors (31, 82. WLOG, we assume || 51| <

IB2]]. Thanks to Proposition 11.6 and the discussion in §11.2, the angle 0 = (/B/LE) =
2%’?%75% and Hng = 1,\@, \/?;, respectively. To simplify the notation, we denote by
Si = 8p;-

1. 0= 2% By the following action table, A = {+51,+02, (81 + B2)} is of type Az.

2. 0= %TTF' By the following action table, A = {£8;1, £f2, (51 + 52), =(251 + B=2)} is of
type Ba.
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B1 + B2

. 0= %”. By the following action table, A = {£81, =02, =(S1+52), £(261+52), £(301+
B2), (61 + 2B2)} is of type Go.

S1

B2 ‘Kﬂl"' B2 lefﬁ + B2 361 + B

/61\ 51 61
361 — B Q;BQ<\“_§\\ 5,
\5 —

—f1 — 2

O

S1
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Chapter 13

Classification of Root Systems

§13.1 Normal systems and Coxeter graphs

Definition 13.1. In a Fuclidean space E, a normal system consists of roots
V1, ...,V Satisfying

1. v1,...,v are linearly independent.

Example 13.2. Let B = {p1,...,0n} be a base of a root system A. Then
B1 B2 Bn 9
{IlﬁlH’ Hﬁzll”"’m} is a normal system.

Definition 13.3. Given a normal system {vi,...,v,}, the associated Coxeter

graph has the normal system as its vertex set, with 4(v;|v;) edges joining v; and

Uj.

Remark 13.4. Let I' be the Coxeter graph I' associated to the normal system in Example
13.2. We call T the Cozeter graph of B. Since the Weyl group W preserves the inner
product and acts transitively on bases (thanks to Proposition 12.8), Cozeter graphs of two

bases of A are isomorphic. Therefore, we also call I' the Coxeter graph of A.

Proposition 13.5. A normal system has the following properties:
1. A subset of a normal system is a normal system.
2. Let vy,...,v be a normal system. Then # { connected pairs} < k
3. The associated Cozeter graph has no cycles.
4. For any v;, #{edges adjacent to v;} < 4.

5. (Contractibility) If vy, ..., v, satisfies (vilv;) = —%8i41,, i.e., the associated
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Cozeter graph is as follows, then replacing vi,...,v, by v1 +va + ... + v, we

obtain a normal system.

U1 V2 Up

Proof. The first property is obvious.

2. Let v = v +va 4 ... + . Then 0 < (vjv) = SF (vilvy) + 23 ici(vilv) <
k — #{connected pairs}.

3. It follows directly from 2.

4. Let vj, 1 < j < r be all roots adjacent to v; with k; edges, respectively. Then
v;’s are pairwise orthogonal, otherwise we have a cycle. By orthonormal decomposition,
v; = (vi|vi)v + (v2|vi)ve + ... + (vp|vi)v, + 0/, where (v'|vj) = 0 and o' # 0. Taking the
inner product with v;, we have (v1|v;)? + ...+ (v.|v)2 = 1 — (v/|v') < 1. Our claim follows

from the fact that (v;|v;)? = %.

5. Since any vj;, where j ¢ {1,...,r}, is connected to at most one vector in {vy,...,v,}
(otherwise a cycle would arise), we only need to consider the length of v1+. . .+wv,. Moreover,
we have (vg + ...+ o1+ ... +v) =k 4+ 2307 (vi]visr) = 1. O

§13.2 Classification of associated Coxeter graphs

Throughout this section, we denote by I' an irreducible Coxeter graph associated to
normal systems. Thanks to Proposition 13.5, I' can not contain a k-edge with k£ > 4.

I" contains a triple edge. It is easy to show that I' could only contain two vertices.

Proposition 13.6. IfI" contains a triple edge, I' is isomorphic to the following graph.

S —

I" contains a double edge. By contractibility, I' can not contain a 3-branch points

or another 2-edge, i.e., the following graphs are NOT allowed.
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Hence, I' can only be a double edge with simple chains attached to both of its ver-
tices. Let {v1,...,vp} and {wi,...,wq} be the two simple chains (where p,q > 1), with v,

connected to wy by a double edge.

U1 V2 Up—1 Up Wq Wq—1 w1

Let v =v1 +2v2 + ... + pvp and w = wy + 2w + ... + qwy. Then we have

~1 1
Wo)=124+224+ . . +p - (1-24+2-3+...+(p—1)p) =p* — (p—Dp _plp+ ),

2 2
(¢—1)q B V2
9 (U‘w) = pQ(Up‘wq) = —717(]-

(wlw) =

By Cauchy-Schwarz inequality, (v|w)? < (v|v)(w|w), and together with the above equations,
gives (p —1)(¢ — 1) < 2. Hence, I" can occur only in two cases: p=1org=1;p=¢q=2.

-

Proposition 13.7. If I' contains a 2-edge, I is isomorphic to one of the following

graphs.

p=lorgq=1 p=q=2

I" contains only 1-edges. We consider the branch points. If all points are 1- or
2-branch points, then I' is a simple chain. By Proposition 13.5(4), I' can not contain a k-
branch point with & > 4. Combined with Proposition 13.5(5), I can not contain more than
one 3-branch point (otherwise, after contraction we would obtain a graph with a 4-branch
point.) Therefore, it remains to consider the graph with exactly one 3-branch point.

Let v be the 3-branch point. Let {vi,...,v,}, {w1,...,wq} and {uy,...,u,} be the

three simple chains (where p, g, > 1), with vy, w, and u, each connected to 7.

U1
\vz

Up

Ur

/;;
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Let v = Y0 iv;, w = Y0 jdw; and w = Y1 du;. Then (y|v) = p(v|vy) = —3p
and (v|v) = %; analogous formulas hold for w and w. Since v, w and w are pairwise

orthogonal, we have

(lg) + Gls) G

Simplifying the above expression, we obtain

2
u P q T
— ) = + + <1
HUH> 2p+1)  2(q+1) 2(r+1)

1—l—l—|—1>1
p+1 qg+1 r+1

It is easy to see that at least one of p,q,r is 1, say p = 1. Then we have the inequality
q% + % > % WLOG, we assume g < 7.

1. If ¢ = 1, then r is arbitrary;
2. If g =2, then r <5, i.e., r =2,3,4;

3. If ¢ > 3, then r < 3 < ¢, which contradicts our assumption that g < r.

Proposition 13.8. IfT" contains only 1-edges, I" is isomorphic to one of the following
graphs.
- —e
° . ) °
° ° . . °
° ° °

Remark 13.9. So far we have not proved each graph in Proposition 15.6, 13.7 and 13.8

does belong to a root system. It will be proved in the next section.
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§13.3 Dynkin diagrams

Definition 13.10. Let I' be the Coxeter graph of A. Whenever a double or triple
edge occurs, we add an arrow pointing to the shorter of the two roots; we call the

resulting figure the Dynkin diagram of A.

Theorem 13.11. If B is a base of an irreducible root system, its Dynkin diagram

must be one of the following:

An(n>1): ° . ° ®
1 2 n—1 n
Bn(n >2): ® * . ——o
1 2 n—2 n—1 n
Ch(n>3): ° ° . —=—w»
1 2 n—2 n—1 n
n—1
Dn(n >4): ° TS ° n—2
1 2 n—3
n
92
Eg . * ® ® L
1 3 4 5 6
02
E;: [ 3 ° ? ° T °
1 3 4 5 6 7
92
Esg : ° * ® ° * . °
1 3 4 5 6 7 8
Fq: ———— e ——9 @
1 2 3 4
Gy : %

Moreover, each graph above is a Dynkin diagram of some root system /.

Proof. The first claim follows directly from Proposition 13.6, 13.7 and 13.8. For the last
assertion, we need to construct a suitable root system for each type.

Idea: Construct A = {elements of certain lengths in a lattice A of E}.

Let wq, -+ ,w; be an orthonormal basis of E, where | = dim F is taken as required.

Ap:Let A= {30 kiw; : S ki =0, ki € Z}. Let A = {a € A : (aJa) = 2}. Then
A={w; —w;j:1<i#j<n+1}. Note that B = {oy == w; —wiy1 : 1 <i < n}is a base.
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Moreover, all base elements have the same length, and for i # 7,

< Z
” 74”

Bn:Let A=)"",Zw;and A = {a € A: (o]a) = 1,2} = {£w;, fw;Fw; : i # j}. Note
that B = {a; = w; —wjt1,a, =wy : 1 <i<n-—1}is a base. Moreover, for 1 <i<mn-—1,

H:Kl” f2 > H[ ”H
< al
HaZH

(=
[levi

Co:Let A=3"" Zw;and A = {a € A: (a]o) = 2,4} = {£w; £ w;, £2w; : i # j}.
1

< n — 1} is a base. Moreover, for

o ) = (s
levs =2

Oéj ) - _5 1

A {li=jl<1} 5>

o ) V2
= 7 0in—-1

levn]| EX

Note that B = {a; = w; — wit1,0p = 2w, : 1
1<i<n—1, || = V2 < |lan| =2 and

(673 Q 1
Tl | Tas ) = ~Otisl<nge

[l
( o; | an ) V2
S T
llaill] [[enl 2

Dn:Let A=>"" Zw;. Let A ={dtw;jtw;:1<i#j<n}={aecA:(aa)=2}
Note that B = {a; = w; —wit1: 1 <i<n—1}U{ay = wp_1 + wy,} is a base. Moreover,
all base elements have the same length, and for 1 <i+# j <n—1,

(7a
el
(7a
[ e ]

as desired.

Fo:Let A =30 Zw; + Z(3} w;)/2 and

Odj 1
N = _5{|i—j|§1}§’

1
O‘”) — _51.’”_2

vl 2’

1
A={aelA:(ala) =12} = {tw;, Tw; £ wj, 5(:|:w1 twetwstwy):iF#jG}
Note that B = {w1 — w2, w2 — w3, w3, — (w1 + w2 + w3 + wy)} is a base. In this case,
1 . .
At = {wi,wo, w3, w4, w; — wj, i(iwl twytws—Fwy) i<}

One can check B satisfies the Dynkin diagram of type Fa.

Gy : Let F be the hyperplane orthogonal to the vector wi + ws + w3 in E = R3. Let
A=>" Zw,NFand A ={a e A: (afo) = 2,6}. So A = H{w) — wa,wp — w3, w1 —
w3, 2w1 — wa — w3, 2wy — w1 — w3, 2ws — w1 — wy}. We take B = {w; — wa, —2w1 + wa + w3 }.
One can check that it satisfies the Dynkin diagram of type G,.
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Ee, E7, Es can be found in Humphreys’ book (12.1).

Remark 13.12. Der Or is of type Go, where Qp is the octonion algebra over F.
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Chapter 14
Summary

We have now developed enough theory to summarize our results and describe the
remaining steps.

Let us return to semisimple Lie algebras.

(1) Let L be a semisimple Lie algebra and H be a maximal toral subalgebra of L. Then
we obtain a root decomposition L = H+ZO¢&6H* L, which yields a root system A (§10.1).
Although it seems that A depends on the choice of H, Corollary 16.4 in Humphreys’ book
proves that two maximal toral subalgebras of L are conjugate by an inner automorphism
of L,! thus the root system A is uniquely determined by L (up to isomorphism).

(2) Let B be a base of A. (The choice of B does not genuinely matter, because Weyl
group acts transitively on bases and preserves the inner product.) After normalization, we
obtain a normal system, and then a Dynkin diagram D of B (§13.1). Thanks to Remark
13.4, D does not depend on the choice of B.

(3) The Cartan matrix C' of A determines A up to isomorphism (§12.2).

(4) For each Dynkin diagram D, we can indeed find a root system A with base B s.t.
D is the Dynkin diagram of B (§13.3).

Combining (1) and (2), we have classified all root systems, i.e., there is a one-to-one
correspondence between root systems and Dynkin diagrams.

(5) In order to classify semisimple Lie algebras, it remains to construct a semisimple
Lie algebra for each root system A. Since the root system A contains more data than
is needed for the construction, we will instead construct the Lie algebra from the Cartan

matrix C associated with A. This is the main goal of Chapter 18.

(2)
(L, H) # YA E— )
b (4)
N ¢))
(B) >
S C

1t is precisely a strongly ad-nilpotent inner automorphism.
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Chapter 15

Generators and Relations of

Associative Algebras

In this chapter, F is just a field (without any additional conditions).

§15.1 Free associative algebras

Let X = {x;}icr be a set, called an alphabet, whose elements are called letters. A
word over X is either a finite sequence of letters from X or the empty word 1, which is
regarded as having length 0.

Denote by X* the set of all words over X. Then X* is equipped with a natural

multiplication by adjunction

Definition 15.1. We call F(X) = {)_, a;w; : a; € F and o; are almost all zero} a
free associative algebra on X over F, where the operations extend linearly from

the semigroup structure.

Clearly, X* is a basis of F (X).
For an F-algebra A, suppose {a;}icr is a generating set, i.e. every element of A can be
represented (not necessarily uniquely) as a finite linear combination of products of the a;’s.
Choose a set X = {x;}ics to be an alphabet indexed by the same set I, so that we
have a map
p: X = A, ri—a;, €1

Then we obtain an algebra homomorphism @ : F(X) — A. Let J = kerp. Then J is
an ideal of F(X). Since Imp = A, we have A = F(X)/J.

Let R C J be a subset generating J as an ideal, i.e., J is the smallest ideal of F(X)
containing R. Explicitly,

J = {Z a;r;b;

We say that F(X)/J is the algebra presented by generators X and relations R, and
denote it by F(X|R = 0) or (X|R = 0) when the field is clear. Since A = F(X)/J, we call

ai,bi S F<X>, r; € R} .
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F(X|R = 0) a presentation of A. We say a presentation is finite if 3 finite sets X and R s.t.
A= (X|R=0)

§15.2 Grobner—Shirshov Theorem

Even given a finite presentation F(X|R = 0) of an associative F-algebra, it is difficult
to determine whether two elements a,b € F(X) are equal modulo the ideal J = idp x)(R).
Indeed, there exist finite presentations that defy any algorithm.

We now describe a class of finite presentations for which such an algorithm does exist.
Although this method does not always work, it is often effective.

In this section, we assume X is equipped with a total order and satisfies the descend-

ing chain condition, i.e., 3 infinite strictly descending chain 1 > 2o > .. ..

Definition 15.2. For any f € K(X), f = ajw1 + -+ - + agwg, where w; € X*, a; €
F\{0}. Let w; be the mazimal word with respect to the length-lexicographic order.®
Then call wj the leading monomial of f, denoted by f. Denote by f = f + {f}.

“The length-lexi order means w; < wj if the length of wj; is less than that of w;, or they have the
same length and the first distinct letter of w; is less than the one of wj.

Remark 15.3. For A= (X|R), if f € R, then

Thus f can be written as a linear combination of smaller words in A.

Definition 15.4. A word w € X* is reducible if it contains some f, f € R, as a
subword, 1i.e.

/ / "
w=w fw", w i w' e X*.

Otherwise, w is called irreducible.

Denote the set of all irreducible words w.r.t. R by Irr(R).

Proposition 15.5. Irr(R) spans A.

Definition 15.6. Given words v and w € X*, we say v,w admit a composition if

1. the end of one word is the beginning of the other;

2. one of these words is a subword of the other.
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Definition 15.7. Let f,g € F(X). The coefficients of f,g are equal to 1. Suppose

that f,g admit a composition, i.e.

f u g
f—/%/—/a
I 1 | I |
) T 1 ) T T 1
or w_ﬁ—/w_/
v g U f v
w w

The element (f,g)w = fu—vg (or ufv — g) is called the composition of f and g

w.r.t. the word w.

Theorem 15.8 (Grobner—Shirshov Theorem). Let A = F(X|R = 0). Irr(R) is a
basis of A if and only if for any two relations f,g € R that admit a composition, all
their compositions reduce to 0.

We say R is closed under composition if R satisfies the necessary condition in the

theorem.

Example 15.9. Let us consider the algebra A = (z,y, z|[x,y] = z, [z, x] = 2z, [z,y] =
—2y). Define the order by x <y < z. The relation set R contains

yr —xy + 2,
zx — xz — 2z,

2y —yz + 2y.

The only relations admitting a composition are yxr — xy + z and zy — yz + 2y w.r.t.

the word zyx. The composition can be reduced to 0:

(zy —yz + 2y)x — z(yx — 2y + 2) = —yzx + Yz + 22Y — 2°
— —y(zz 4 2z) + 2(zy — 2) + (2 + 22)y — 2°
= —yxz — 2yxr + 22y — 2z + xzy + 22y — 22

—0

Example 15.10. Let us consider the algebra

A= (z,y,z | zy+yz =22, yz+ 2y =122, zx+x2=19°).
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Define the order by x < y < z. The relation set R contains

22 — XY —Yyx,

zy+yz—a:2,

zx+mz—y2.

2

The relations z*> — xy — yx and zy +yz — % admit a composition w.r.t. the word z%y.

The composition is

(2% — 2y — yz)y — 2(2y + yz — 2?)
= —xy2 —Yyxry — 2Yz + 2xx
— —zy® —yay — (¢* —y2)z + (v — z2)z
= —a:y2 —yxy — 2z + y22 + y2x = B8
— —ay® —yry — 2%z + y(oy + yr) + v’z — 2(y? - 22)
= —acy2 —yry — xz 4 YTy + yQ:z: + y2x = a:y2 + 222
2

= 2y%z — 2zy%.

This means Irr(R) is NOT a basis of this algebra if charF # 2.

Remark 15.11. Suppose A =T (X|R = 0) is an associative algebra with R not closed under
composition, e.g., Fxample 15.10. Let R = Ry and R; be the union of Ry and all reduced
compositions of elements of Ry. Note that by definition, the compositions of elements in
R are still contained in id(R). Thus adding these elements into relation set R keeps the
algebra unchanged. Namely, F (X|Ry =0) =F (X|R; =0).

Iterating this process, we obtain a sequence of subsets of id(R):

If A is a finitely generated commutative algebra, this process terminates after finitely
many steps, i.e., the sequence stabilizes. Let Roo = J; Ri. Then by Theorem 15.8, Irr(Rx)
s a basis of A. We call Ry the Grobner-Shirshov basis of A and we call this algorithm
for commutative algebra Buchberger’s theorem or Buchberger’s algorithm.

If A is graded associative algebra, say A = @;enA;. Let A<y be the graded subspaces
Do<i<nA;. Given N, we can find a basis of A<y by this process as well.

§15.3 Proof of Grobner—Shirshov Theorem

Sufficiency. If there exists one reduction not 0, then it is a nontrivial linear combina-
tion of irreducible words. Since f,g € R, (f,g9)w = 0 in A. Thus, this linear combination
= 0, contrary to the linear independence.

Necessity. We need a lemma.
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Lemma 15.12. If R is closed under composition, then for all f € id(R) \ {0}, the

leading monomial f is reducible.

With this lemma, we can prove that if g is a nontrivial linear combination of irre-
ducibles, then g is irreducible. Hence g ¢ id(R), i.e. g # 0 in A. Thus all irreducibles in A
are linearly independent. Together with Proposition 15.5, we are done.

We now prove Lemma 15.12. Take it easy! The proof is almost straightforward. :)

Proof of Lemma 15.12. Write f € id(R)\{0} as D, asu;r;v;, where a; € F\{0}, w3, v; € X*,
r; € R\ {0}. Note that w;70; = u;7;v; (u;, v; are monomials).

Let w = max{u;7;0; : i}. Let #w denote the number of occurrences of w among the
terms w;7v;. If #w = 1, then f = w, which is reducible. We will prove by induction on the
pair (w, #w), ordered lexicographically.

Suppose that w = w;7;0; = u;T;v; for distinct ¢, j. Then
QU TV + Q;U5TV5 = (ai + ozj)uirivi — Oy (uirivi — Ujijj).

In the following, we will prove w;r;v; — u;rjv; is a linear combination of lower terms (in
the sense of length-lexi order). Then we can complete the proof by induction on #w. We
divide the remaining proof into three cases.

Case 1: 7; and 7; do not overlap in w. Write w as follows.

(7 T (O

{ I I |
T T T 1
R{_/%/—/W_/

C 7_’]- Vj
uj
w

Case 1

Then we have

uirivi — ujrivj = ui(Ti + {ri})vi — u; (75 + {r;})v;
= wi{ritvi — uj{rj}v;

= wi{r; }crjv; — wTc{r; ;.

The maximal summands of both u;{r;}crv; and u;T;c{r; }v; have length-lexi order strictly
less than w.

Case 2: 7; and 7; overlap, but neither is a subword of the other. Write w as follows.
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Uy T v

Case 2

Then we have

UT0; — WTU; = UiT00f — UUT U
= u;(riv — ur;j)v;
= ui(T4, 15 )u;r70j
Since (74,7)u;7 can be reduced to 0, (74,7j)um = > i ) uyryv), for some . € R and

1o o
ukaUk < w.

Case 3: one of 7; and 75 is a subword of the other. Write w as follows.

Uj; T U;

| | | |
I T T T T 1

A S S,

U 7 v

- -

Uj Uj

w
Case 3
We have w;r;v; — ujrjv; = uiriv; — wjuur;vv; = —ui(rj, 7). Since (rj,7;)r can be

reduced to 0, (rj,7i)7 = »_j, @ u)ry.vy, for some ), € R and upr v, < w.
0
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Chapter 16

Applications of Grobner—Shirshov

Theorem

In this chapter we assume that I is an arbitrary field (unless otherwise stated) and L

is a finite dimensional Lie algebra over F.

§16.1 Universal enveloping algebras

Definition 16.1. For a Lie algebra L, the universal enveloping algebra of L
is a pair (U,1), where U is an associative algebra with 1 and a Lie homomorphism
v L — U satisfying the universal property: for any associative algebra A with a
Lie homomorphism ¢ : L — A7) there exists a unique associative algebra homo-

morphism ¢ : U — A such that ¢ o1 = .

L L

—— U
N
A

The uniqueness of universal enveloping algebras is easy to show, and the existence is

proved by the following construction.

Let {e; : i € I} be a basis of L. Denote by ij the structural constants, i.e.,

lei, e;] = Z ’yfjek.

kel

Let X = {z; :i € I} be an alphabet. Consider the associative algebra

U(L) =F(X|zjx; — zja; = nyf]xk)
kel

and the Lie algebra homomorphism ¢ : L — U(L);e; — z;. One can easily check that

(U(L),¢) is the universal enveloping algebra.
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Remark 16.2. Let V be an L-module by p : L — End(V'). Then by definition, we have
an associative algebra homomorphism p: U(L) — End(V) satisfying the universal property,
which means V is a U(L)-module.

Furthermore, it is a one-to-one correspondence between L-modules and U(L)-modules

by the PBW theorem, which will be proved in the next section.

§16.2 Poincaré-Birkhoff-Witt Theorem

Using the same notations as §16.1, we have the following famous theorem.

Theorem 16.3 (Poincaré-Birkhoff-Witt Theorem). If I is a totally ordered set with

the descending chain condition,® then U(L) has a basis

Tiy Tig - - - i, for various 11 <ig < ... <1y, n €N,

“If T is finite, this holds naturally.

Proof. Denote by R = {z;x; — xjx; — Y c; 'yzkjwk i # j}. Define a total order on X by
x; < z; if j <. Note that x;x; for any j < ¢ is reducible. Thus

Irr(R) = {zi, 4y - . . x4, | for various i3 <ip < ... <ip, n e N.}.

Thanks to Theorem 15.8, it suffices to show that R is closed under composition.
In order to simplify the calculation, we denote ), ; q/fja:k by {zi,x;}. The only rela-

tions admitting a composition in R are
f:ml$j_xj$l_{$l7$]}? g:$j$l_ml$j_{xjaxl}a
for all | < j <. Let w = x;x2;. We have
(f, Dw = —zjrizy — {5 2 + vmpwy + vi{wy, v}
— —x; (xlxi — {mi,xl}) — {mi,a:j}a:l + (xlxi + {Hfi,wl})l'j + xi{xj,xl}
= —x;1T; — .ch{xi, xl} — {xi,xj}a:l + xxim5 + {a:i,a:l}a:j + mi{xj,a:l}
= —(wxj + {xj, 21}) i — w{ws, w1} — {w, x5 o + a (v + {0, 25})
+{wi, i}y 4+ zi{wg, 2}
= —{xj,xl}xi + :vi{:vj,xl} — xj{xi,xl} + {:Ci,xl}:cj — {.I'Z', xj}xl -+ Jcl{:ci,:cj}

= {xi, {zj, v} } + {xj, {@, xi}} + {2, {wi, 251}

— 0.

The last reduction is due to Jacobi identity. O

Corollary 16.4. Let L be a Lie algebra.

1. The map v: L — U(L) given by v(e;) = x; is an injection.
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2. If L' is a subalgebra of L, then U(L") C U(L)
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Chapter 17

Generators and Relations of L

In this chapter, we first introduce free Lie algebras in §17.1. This construction does not
depend on any special assumption on the field F. Afterwards, we use free Lie algebras to
construct semisimple Lie algebras associated with root systems. In the remaining sections,

unless otherwise stated, we assume that F is an algebraically closed field with charF = 0.

§17.1 Free Lie algebras

Let X = {z1,%9,...,z,} be an alphabet.

Definition 17.1. The free Lie algebra generated by X is a Lie algebra Lie (X)
together with a map ¢ : X — Lie (X) satisfying the universal property: ¥ Lie algebra
L,Y map ¢ : X — L, there is a unique Lie algebra homomorphism ¢ s.t. ¢ oL = .

X —“ Lie (X)

S

As in the case of universal enveloping algebras, the uniqueness of free Lie algebras is

L

obvious. Now we will show the existence by construction.
A natural first candidate is F (X >(7). However, this algebra is too large. For example,
zi Ty € F(X >(7), but it cannot be generated by X through the Lie bracket. Therefore, we

consider the Lie subalgebra generated by all commutators.

Definition 17.2. We define a commutator in F (X) by the following conditions:
1. Every x; is a commutator;

2. If o', p"" are commutators, then [p', p"]| = p'p" — p"p’ is a commutator.

Proposition 17.3. Lie (X) = {>, a;pi|pi are commutators} is the free Lie algebra
generated by X.
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Proof. First, Lie (X) is closed under the Lie bracket by the definition of commutators.
Hence it is a Lie subalgebra of F (X)),

Let L be a Lie algebra and let ¢ : X — L be a map. By Corollary 16.4, we may regard
L as a Lie subalgebra of U(L)(~). Thus ¢ may also be viewed as a map from X to U(L). By

the universal property of F (X), there exists a unique associative algebra homomorphism
p:F(X)—=>U(L)

extending (.
We claim that the restriction of @ to Lie (X) has image in L. Indeed, every element of
Lie (X) is a linear combination of commutators, and the image of a commutator under @ is
the corresponding iterated Lie bracket of elements of L. Hence it lies in L. Therefore, we
obtain a map
¢ = PlLie(x) : Lie (X) — L.

Since @ is an associative algebra homomorphism, its restriction is compatible with commu-
tators. Hence ¢ is a Lie algebra homomorphism, and clearly ¢ o¢ = ¢.

Finally, the uniqueness follows because Lie (X) is generated by X as a Lie algebra.
Thus any Lie algebra homomorphism Lie (X) — L extending ¢ is uniquely determined by

its values on X. O

For a subset R C Lie (X), we denote by Lie (X|R = 0) = Lie (X) /idpe(x)(R)-

[ Proposition 17.4. U(Lie (X|R =0)) =F (X|R =0).

Proof. Since idyexy(R) C idpx)(R), the assignment x; + idpe(x)(R) = z; + idpx)(R)
extends to a Lie algebra homomorphism ¢ : Lie (X|R = 0) — F(X|R = 0)(7).

Let ¢ : Lie (X|R = 0) — A(-) be a Lie algebra homomorphism. We extend the assign-
ment

¢:F(X|IR=0) = 4; x;+idpx)(R) — ¢ (z; + idpe(x) (R))

as an associative algebra homomorphism.
Let us show it is well-defined. Note that ¢(r) = 0 for any r € R. Let p = >, ou;riv; €
idg(x)(R), where u;,v; € X* and r; € R. Then $(p) = >, cip(ui)@(ri)@(vi) = 0.

Moreover, it is routine to check ¢ satisfies the universal property. O

§17.2 Relations satisfied by L

Let us review the root decomposition of semisimple Lie algebra L. Given a maximal

toral subalgebra H, we have a root system A such that

L=H+ ) La.
aEA

Let B ={ai,...,ay} be a base of A. By Proposition 10.11, for any nonzero z; € L,,,
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there exists y; € L_,, such that

2
() = Gl
and ) 71( )
R LA . Y 1
[xl’yl] - (ai|ai) - az Eb'

Recall that for o € h* and h € b, we defined (o, h) := «(h). C is the Cartan matrix
associated to (A, B) (Definition 12.13). A straightforward calculation shows that

2(avilay) v

<0 ifi#j,
cij = ———== = (o, 0 ) =

(ailay) 2 ifi=j
For xj € Lo, and y; € L_,,, by the definition of root spaces we have
o 25] = aj(e)ay = cijej, o y] = —aj(ai)y; = —cizy;-

In conclusion, for any 1 < 4,5 < n, the following relations hold in L:

[Oé;/, Oé;/] - 07

[0, 23] = cijaj,

o 3] = —cijy) (R
af ifi=j,

[i,y5] = .
0 ifi#j.

However, these are not all the relations among the elements x;, y; and o). It remains
to describe the commutation relations between x; and x;, and between y; and y;, for i # j.
Now regard (z;,y;, ) as an slp-triple, and view L as an sly-module under the adjoint
action. Thanks to Proposition 10.15, for j # i, @, Lo, +ka; is an irreducible sly-module
and the element z; is an eigenvector of o with eigenvalue ¢;j. By Theorem 9.5 and

(ady;)(x;) = 0, we obtain for any i # j

(ad 2) = () = 0, ©7)
(ad ;)= (y;) = 0 (©3)

These relations are called the Serre relations.

Summary. For a semisimple Lie algebra L, we can take root vectors x;, y; and o

for each simple root o; € B s.t.

% \
Ay, Oy L1y ooy Ty Y1y - - Yn

generate L and at least satisfy the relations (R'), (@;;) and (©;;).

In this section, o is not a letter.
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§17.3 Auxiliary Lie algebras

For an arbitrary root system A with a base B = {aq,...,a,} C A, we consider an
alphabet

Vv v
X =Aay,...,00,T1,...,TnyYls---Yn},

with the order f < ... <) <21 <...<Zp <y1 <...< Yn.

Definition 17.5. We define the auxiliary Lie algebra L' = Lie (X|R'), where |,]

in (R") are regarded as commutators.

Thanks to Proposition 17.4, U(L') = (X|R/).
By a painful but straightforward calculation, we can check that R’ is closed under

composition. Using the Grobner-Shirshov Theorem, we can prove that U(L’) has a basis

ag/l...axyle...quykl...yks, 11 <Ll S
Denote the sets {x1,...,z,} and {y1,...,yn} by X and Y, respectively. Note that every
word xj, ... xj, is irreducible. Thus the Lie subalgebra generated by X is a free Lie algebra

Lie (X). The same argument applies to Y.

l Theorem 17.6. L' = Lie (X) + span{ay,..., o} + Lie (Y).

Proof. Tt remains to show the right-hand side is a subalgebra of L’. Since we can easily prove

that it is closed under bracket by o, x; and y;, it is an ideal of L and thus a subalgebra. [
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Chapter 18

Existence Theorem

In this chapter, we always assume F is an algebraically closed field with charF = 0.
Our main goal is to construct a Lie algebra for an arbitrary root system.
Recall that we denote L' = Lie (X|R’). In this chapter, we denote L = Lie (X|R/, @;5)

§18.1 Revisiting Serre’s relations

Let us consider the remaining relations, Serre’s relations. By abuse of notation, we
denote by (9;-';- and ©;; the left-hand side of (@;’;) and (©;;), respectively.

Lemma 18.1. Fori # j, idL/@:;- = idLie<X>®;; and idL/@i_j = idLie<Y>9i_j-

Proof. By the symmetry of X and Y, it suffices to show idLie<X>®§ is an ideal of L'

1,

Since z;’s are eigenvectors of ad)’s, ) leaves idLie<X>@;rj invariant. Hence we only

need to consider the action of yi. Since [ad yy,ad zy] = —dp ad @), it suffices to check
(ad yx)(©7;) = 0.
Case 1: k # 1, j. ady,, commutes with ad z; and annihilates ;. Thus (ad yk)(@;;) =0.

Case 2: k = j. adyg still commutes with ad x;. Then we have

(adye) (7)) = (adz;) " L ad y;(z;) = —(ad )"+ ).

If ¢jj < 0, —cij +1 > 2 and then (adz;)~“ oy = 0. If ¢;5 = 0, (ad z)(o) ) = —cijw; = 0.
Thus (adyk)(@;-;) = 0.
Case 3: k =1. We have

(adyi)(ad 2;) " ey = [ad yi, ad 2] (ad 2:) "V rj + (ad @;)[ad yi, ad wi] (ad @)~ Ly
+ ...+ (ad ;) "% [ad y;, ad 2]z
= —(ad o)) (adz;)"“z; — (adz;)(ad o)) (ad 2;) 9 La

— ... —(ad ;) "% (ad o) )
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Summary. Write H = span{ay,...,a,}. We have

L =Lie(X|R,03) = Lie (X|0F,i # j) + H + Lie (Y0, i # j) .

g7

By relations in (R’), H is a toral subalgebra. Since x;’s and y;’s are eigenvectors of H,
L=H+} cyLy. Moreover, it is easy to see that given zg, € Lg,, [v3,,2p,] has the root
B1 + B9 if the bracket is nonzero.

Identifying H* and FE, the Euclidean space associated to A, by (aj, o)) = ¢j, we

obtain

Lie(X|0f,i#j)= D Ly Lie(Y|egi#j= 3 L, H=Lo
vENB\{0} ve-NB\{0}

Proposition 18.2. For a simple root o;, we have

1 ifk=+1;
0 ifk#0,%1.

dim Ly, =

Proof. From the prospective of the height of root, it is easy to see that L,, = Fz; and
L_,, =Fy; and Ly,, = 0if k # 0, £1. O

§18.2 Braid group automorphisms

Recall that for a locally nilpotent operator ¢, exp ¢ is well-defined (Remark 1.10).
Moreover, if ¢ is a derivation, to check it is locally nilpotent, it suffices to verify that it
is locally nilpotent on a set of generators (Leibniz rule!). Furthermore, if ¢ is a nilpotent

derivation, exp ¢ is an automorphism:

9] k
exp ¢(ab) = Z % Z (?) ' (a) "7 (b)

k=0 =0
oo k 1 71
=X X g0
1 i j
=2 e
(= i(a) — ¢’ (b)
-(Z9) (57

= exp p(a) expp(b).

By (9:;) and (adx;)®(H) = 0, adz; is a locally nilpotent derivation on L. Hence
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expadz; is a well-defined algebra automorphism with inverse exp(—adz;). The same ar-
gument applies to ad y;.
Set r; = expad x; exp(—ad y;) expad x; € Aut(L).

Definition 18.3. We call an automorphism ¢ € Aut(L) a braid group automor-
phism?® if p is generated by r;’s.

“The name comes from the fact that the subgroup generated by r;’s can be verified to be a braid
group.

Lemma 18.4. We write s; for the reflection associated to the simple root o; in Weyl

group W.¢
1. (w(h),w(a)) = (h,a) for anyw e W, he H and o € H*;
2. rilg = s; for any i;

3. 7i(La) C Laya)-

“The action of W on H is defined by s;(h) = h — (h, ;) ).

Proof. Tt suffices to show (s;(h), s;(a)) = (h, «) for each i.
<8i(h)7 Si(a» = <h - <h7 ai> a;/, o — <a7a;/> ai> = <h7 a) .

The second claim is given by a painful but straightforward calculation, i.e., r;(h) =
h— (h,a;) o).

Let us prove (3). Since 7; is an automorphism, for any a, € L, we have

[h.riac)] = ri([ri " (h), aal) = (77 (h), @) ri(aa) = (h, si(0)) ri(aa)-

§18.3 Serre’s Theorem

If w=s; ...s; we write ry, = ril...rik.l

Proposition 18.5. The set of roots of L, {y € H*\{0} : L., # 0}, coincides with A.
Moreover, for ally € A, dimL, =1 and thus dim L < oo.

Proof. 1If 7 is collinear to some root, i.e., v = ka for some a« € A with k # 0, then by
Corollary 12.10 3 w € W s.t. a; = w(a) for some simple root «;. By Lemma 18.4 and
Proposition 18.2, 7y (Ly) C Liq,. Note that ry, is an automorphism. Hence dim L, = 1 if
k = 41, and 0 otherwise.

'Here one should be careful: w may have multiple expressions, so this notation might not be well-defined.
However, this automorphism is indeed well-defined, and this subtlety does not affect our following discussion.
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If ~ is not collinear to any root, we will prove that 3 w € W s.t. w(y) is mixed, i.e., v
is a linear combination of «;’s with both positive and negative coefs. Since - is not collinear
to any root, y- ¢ Uaea at. Thus 3B €yt st. B¢ Uaea a™, that is, 3 is regular. By the
1-1 correspondence between bases and Weyl chambers, 3 w € W, s.t. (w(8)|w(y)) = 0 but
(w(fB)|a;) > 0. Thus w(7) is mixed (otherwise (w(vy)|w(5) > 0)). But by the decomposition

in Summary of §18.1, w(7) is not a root, neither is ~. O

Lemma 18.6. If I C L is an ideal, then I = (INH) + > A(INLy).°

It is valid for any L-module which decomposes as a direct sum of eigenspaces of a finite dimen-
sional commutative subalgebra. The proof is exactly the same.

Proof. Let a = a,, + ... +a,, € I, where a,, € L, and a; # «; if i # j. Then the
hyperplanes of v; and «; — 7; are proper subspaces of H*. Thus there exists h € H, s.t.
~i(h)’s are nonzero and distinct. Then iteratively applying ad h to a, we will get a system
of equations which has a Vandermonde matrix as its coef matrix. Thus each component
ay, € 1. O

As a consequence, H is a maximal toral subalgebra.

[ Proposition 18.7. L is semisimple.

Proof. To show L is semisimple, it suffices to show any nonzero ideal I can not be abelian.
Suppose I C L is a nonzero abelian ideal. Let a = a,, + ...+ a,, € I, where a,, € L,, and
a; # o if © # j. Thanks to Lemma 18.6, each component a,, € I.

It is easy to see that H NI = 0. Suppose a, € I for some nonzero a, € L,. Then by
symmetry, there exists by, € L_q 8.t. 0 # [aq,ba] € Lo = H. Otherwise, by a braid group
action, we obtain [x;,y;] = 0 for some simple root a; contrary to the relation in (R'). But
in this case H NI # 0, which is absurd. O

Summary. Combining Proposition 18.5 and Proposition 18.7, we obtain Serre’s

Theorem.

Theorem 18.8 (Serre’s Theorem). Given a root system A with a base B, let
L = Lie <)~(\R’,@;§>. Then L is a finite dimensional semisimple Lie algebra
with mazimal toral subalgebra spanned by «’s and with corresponding root

system A.
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Afterword / Ri2F{1C

Prof. Efim Zelmanov teaching Lie Theory, March 16, 2026.

Fr3Z i

Zelmanov ##Z IR H i —AonE. BRitbz o, R A AT E. BrA B e BEANE
BIALF- 5 AR B i o AR AR Pimimm i e, g AR LR A, R IR
RIREL “CHEREAR” BUIEOL. BRI T A SRR AR ) B AR RR AL . A i B 2B
EX KR, MEERZSE TR, — AR Serre & B .

G fERR B R SHOPLIRATERES NS . AR 7 ERFEEIIEAH
B, HEFEAEAY IR, HERGHRAIVT, BREIER, &4, RSEIWLXAUER, R4
Wi, REEEME . 7 XATELARE T TREMWE R EibRERE], FHIEME 7
FEARACAEFEAUE B R — 22, 1 A2 RE B 40 B A R 3N B I Bk 2% b, NI e A4 B 2R
N 4B,

Zelmanov 2 FIRIEAERIBPAIHEE . Mk, M EA—TTRIITE, IR
[FE “where we stand”. A B, XFERFEIBIS GEEWR, E2EFEA; AE, —4E
el < I R B TR e P 0 ) S A S S 9 | IS SR AR O 2 B ) 4 Y i
FE o ABARE AR — N Eemgr: 22 ST A K BEORE . kAT DU WA K o, (H2] 7 34 S
Ja, PRI T .

IAE[RIAE SR, R sCantt. R 2 ARG 2 LN H OO, HH S A B IEFF;
WAL R E U B R i — e B, PRV AR SR S HoR . X T TR IR IR,
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A FRA WA AT, FEREERZILCAE RN ERIE WM /£ H B2,

WHFLZEUE, REBICHEEBAARRIEY, SIC R ERERAT, EHR2 105X
Wz, WRERE AT ERERENAN, 06 EERTFE - AEE =,
Ak TR BB R T,

English version

Professor Zelmanov came to class with only a cup of coffee. Apart from that, he seemed
to need nothing else. All the theorems and proofs seemed already to be present in his mind.
His writing on the blackboard was fluent and elegant; throughout his lectures, he almost
never paused, nor did he often get stuck in front of the board. I was often amazed by the
depth of his command of the fundamentals: it felt as if he could begin from the definition
of a Lie algebra and, without relying on any reference materials, naturally proceed all the
way to the Serre’s Theorem.

He once said in class, “I only teach what I do not need to prepare. If I have to open a
textbook, memorize a theorem and its proof, and then repeat them to you, that is cheating.
In the end, I will forget the proof, and so will you. It has no meaning.” These words left a
deep impression on me. They made me realize that true understanding is not merely about
remembering every step of a proof, but about being able to place it back into the broader
structure of the theory and to know why it is natural and why it is necessary.

Professor Zelmanov’s lectures did not pursue a fast pace. On the contrary, at the
beginning of a class, he often spent a long time reviewing “where we stand”. Sometimes
such a review would take half a lecture, or even longer; sometimes the proof of an important
theorem would be explained all over again. At first, I often felt that such reviews were
unnecessary and that they slowed down the progress of the course. But he once offered a
metaphor: learning is like adding sugar to water. You can keep adding sugar to the water,
but after a certain point, it will no longer dissolve.

Looking back now, this is indeed true. Much of the knowledge I once thought I had
learned, I had not truly understood. If I were asked to reproduce some of the results, I
might not be able to write down complete proofs. This course made me realize that learning
mathematics is not only about constantly moving forward; more importantly, it is about
allowing what has already been learned to truly “dissolve” into one’s own understanding.

Perhaps many years from now, I will have forgotten some specific proofs and some
technical details. But I will still remember the rhythm of this course, the lines of formulas
that seemed to grow naturally across the blackboard, and the image of a mathematician
walking into the classroom with a cup of coffee in hand, as if he had brought with him an

entire theoretical world.
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